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講義の目標

『格子正則化は，QED, QCDのようなVector-likeなゲージ理論に限らず，
　SMやGUTようなchiralなゲージ理論に対してさえもゲージ不変な正則化を与え，
　摂動的にも非摂動的にも，場の量子論の強力な解析手法を提供してくれる，
　おそらく最も発展した正則化法である．』

と主張したい. 

この主張の理解にむけて，格子フェルミオンの基礎的な事項を解説したい．



1. 格子フェルミオンの基礎  

   ● Species doubling problem

       Nielsen-Ninomiya定理, Wilsonフェルミオン, Kogut-Susskindフェルミオン

   ● Positivity

       Transfer Matrix, Functional determinant

   ● Chiral property of  Wilson-Diracフェルミオン 

       Axial WT id.,  Self-energy correction, Chiral anomaly

   ● Ginsparg-Wilson関係式 

       Block-spin変換, Fixed point作用

   ● Domain-wallフェルミオン

         Chiral edge mode の相関関数, 有効作用

   ● Overlapフェルミオン 

       Locality,  Chiral symmetry, Chiral anomaly,  Index定理,  Topological charge



Lattice Gauge Theories

d dim. Euclidean lattice with the lattice spacing “a”;  xμ = nμ a

Matter fields on the sites, Gauge fields on the links;  ψ(x) ,  U(x, μ)

gauge tr. is defined on the sites

gauge covariant difference ops. can be defined with the Link field
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ψ(x) (xμ = nμa, nμ ∈ Z)

U�(x)

Uμ(x)

ψ(x) −→ g(x)ψ(x) g(x) ∈ G

Uμ(x) → g(x)Uμ(x)g−1(x + μ̂) Uμ(x) ∈ G

∇μψ(x) =
1

a
(Uμ(x)ψ(x + μ̂a) − ψ(x))



Lattice Gauge Theories

the commutator of the covariant diff. ops.  gives the field strength of 

the gauge link field as plaquette variables

Gauge field action can be defined with the plaquette variables

Path integral can be defined with the group invariant measure

• Gauge invariance is maintained exactly

Continuum limit is defined near a 2nd order critical point

             

• The universal scaling property at the 2nd order PT gives a non-

perturbative renormalization procedure. 

[∇μ,∇ν ]ψ(x) =
(
1 − U�(x)

)
Uμ(x)Uν(x + μ̂a)ψ(x + μ̂a + ν̂a)

U�(x) = Uμ(x)Uν(x + μ̂a)Uμ(x + ν̂a)−1Uν(x)−1

SG =
1

g2

∑
xμν

ReTr (1 − U�(x))

D[Uμ(x)] =
∏
x,μ

dUμ(x)

ξ =
1

mphys a
↗ ∞ mphys � Λ =

1

a
(↗ ∞)

[Wilson(1974) ]



1. 格子フェルミオンの基礎



Lattice Fermions, Species doubling problem

Fermion fields on the lattice suffer from the species doubling problem                   

• Dirac eq.

• Eigenvalue of Hlat

• Species doubling

∂kψ(x, t) =
(
ψ(x + k̂a, t) − ψ(x, t)

)
/a

H =
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k=1
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√√√√
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Lattice Fermions, Species doubling problem            

Nielsen-Ninomiya theorem states that it is a general & inevitable result

= 0

[Nielsen-Ninomiya(1981)]
[D.Friedan(1982)]





Lattice Fermions, Species doubling problem            

Nielsen-Ninomiya theorem states that it is a general & inevitable result

S = a4
∑

x

ψ̄(x) D ψ(x) =

∫
π/a

−π/a

d4k

(2π)4
ψ̄(−k) D̃(k) ψ(k)

D̃(k) is a periodic and analytic function of momentum kμ1.
2.
3.
4.

D̃(k) ∝ iγμkμ for |kμ| � π/a

D̃(k) is invertible for all       except kμ kμ = 0

γ5D̃(k) + D̃(k)γ5 = 0

∂l

∂kl
D̃(k) =

∑
x

eikx(ix)lD(x) < ∞ =⇒ ‖D(x)‖ < Ce−γ|x|

smoothness, analyticity & locality :

[Nielsen-Ninomiya(1981)]
[Karsten (1981)]
[Luscher (1998)]

example :

D̃(k) = iγμe
ipμ/2 2 sin(pμ/2)



D̃(k) = γμP+iF
(+)
μ (k) + γμP−iF (−)

μ (k)

I =
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Vμ(k
α) = 0

Vμ(k)

I =
∑
α

det {∂νVμ(k
α)}

|det {∂νVμ(kα)}| = 0

ポワンカレ-ホップ定理より

孤立したゼロ点 

T3 上のベクトル場

α = 1, · · ·

F (+)
μ (k

α+

0 ) = 0 F (−)
μ (k

α−
0 ) = 0

T3 上のベクトル場

(= χ)



Lattice Fermions

Wilson term resolves the degeneracy of doublers, but breaks chiral symm.

     

                           

Kogut-Suskind single-component fermion can form four-component Dirac 

fermions, but with four flavors, on the blocked-lattice

Sw = a4
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∑
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∑
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2
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ημ(n) = (−1)n1+···+nμ−1 , η1 = 1

nμ = 2xμ + ρμ
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]
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T (n)γμT
†(n+ μ̂) = ημ(n) I

T (n) = γn1

1 γn2

2 γn3

3 γn4

4



Positivity  — Partition function, Transfer-matrix, Functional determinant           

= Det(Dw +m0)
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∫ ∏
x

dψ̄(x)dψ(x) e−a4 ∑
x ψ̄(x)(Dw+m0)ψ(x)

=

∫ ∏
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∣∣∣
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∏
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∑
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=
∑
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∑
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∑
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1 +HN−1/2
· · · 1−H1/2

1 +H1/2

)
γ0

} N∏
i=1

detαi



TF = B
−1/2
t

[
βt(−α−1

t−1)
]
B

1/2
t−1

= B
−1/2
t [(2 + a0D3w)γ0]t(1−Ht/2)

1

1 +Ht−1/2

1

[(2 + a0D3w)γ0]t−1
B

1/2
t−1

TF (Δ) = B
−1/2
t [(2 + a0D3w)γ0]t(1−ΔHt/2)

1

1 + ΔHt−1/2

1

[(2 + a0D3w)γ0]t−1
B

1/2
t−1

TF (Δ)TF (−Δ) = 1 Δ = ±i

H = a0γ0(D
(3)
w +m0)

1

1 + a0(D
(3)
w +m0)/2



Lattice QCD at finite temperature and Baryon density

β = Nβa0Z[β, μ] = Tr e−β(Ĥ−μN̂)

Zlat[β, μ] =

∫
D[U ]D[ψ]D[ψ̄] e−SG[U ]−SW [ψ,ψ̄,μ]

SW =
∑
τ,x

ψ̄(τ, x)DWψ(τ, x)

=
∑
τ,τ ′,x

ψ̄(τ, x)

{
−
(
1− γ0

2

)
δτ+1,τ ′ e

−μ −
(
1 + γ0

2

)
δτ,τ ′+1 e

+μ

+

(
1 + a0

[
γk

1

2

(
∇k −∇†

k

)
+

1

2
∇k∇†

k +m

])
δτ,τ ′

}
ψ(τ ′, x)

Uμ(τ,x) → Uμ(τ,x) e
−μ

Flat[β, μ] = − 1

β
lnZlat[β, μ] � c0

1

a2
μ+ c1μ

3 + · · ·

c0 = 0 [Hasenfratz and Karsch]

μ = 0 D†
W = γ5DWγ5 detDW ∈ R

μ �= 0 D†
W �= γ5DWγ5 detDW ∈ C {detDW (μ)}∗ = {detDW (−μ)}



χn4
(n) ≡ χ(n) , χ†

n4
(n) ≡ 1

2
χ̄(n)η4(n) η′k(n) ≡ ηk(n)η4(n) η′k(n+ k̂) = −η′k(n)

SF =
∑
n4,n

{χ†
n4
(n)χn4+1(n) + χn4

(n)χ†
n4+1(n)}

+
∑
n4,n

∑
k

{χ†
n4
(n)η′k(n)χn4

(n+ k̂) + χ†
n4
(n + k̂)η′k(n)χn4

(n)}

I =
∫ ∏

n4

[
dϕ†

n4
dϕn4

] ∏
n,n4

δ(ϕn4
(n)− χ†

n4
(n))δ(ϕ†

n4
(n)− χn4

(n)) δ(ϕ†
n4
(n)− χn4

(n)) ≡ (ϕ†
n4
(n)− χn4

(n))

{χ̂(n) , χ̂†(n′)} = δn,n′ , {ϕ̂(n) , ϕ̂†(n′)} = δn,n′

I =
∫ [

dχ†
n4
dχn4+1

] [
dϕ†

n4
dϕn4+1

]
× exp

{
−∑

n

[χ†
n4
(n)χn4+1(n) + ϕ†

n4
(n)ϕn4+1(n)]

} ∣∣∣χn4+1, ϕn4+1

〉 〈
χ†
n4
, ϕ†

n4

∣∣∣

∣∣∣χn4+1, ϕn4+1

〉
≡ exp

∑
n

{
χ̂†(n)χn4+1(n) + ϕ̂†(n)ϕn4+1(n)

}
|0〉 ,〈

χ†
n4
, ϕ†

n4

∣∣∣ ≡ 〈0| exp∑
n

{
χ†
n4
(n)χ̂(n) + ϕ†

n4
(n)ϕ̂(n)

}
.

T̂F = exp

{
−1

2

∑
n

3∑
k=1

[
χ̂†(n+ k̂)η′k(n)ϕ̂

†(n) + χ̂†(n)η′k(n)ϕ̂
†(n+ k̂)

]}

×∏
n

:
(
ϕ̂†(n)− χ̂(n)

) (
ϕ̂(n)− χ̂†(n)

)
:

× exp

{
−1

2

∑
n

3∑
k=1

[
ϕ̂(n+ k̂)η′k(n)χ̂(n) + ϕ̂(n)η′k(n)χ̂(n+ k̂)

]}

∑
n4

∑
n

{χ†
n4
(n)χn4+1(n) + ϕ†

n4
(n)ϕn4+1(n)}

T̂F is hermitian, but not positive definite. The Hamiltonian follows (T̂F )
2



Chiral property of  Wilson-Dirac fermions            

Axial Ward-Takahashi identity

Lattice perturbation theory 

• Self-energy correction 

• Chiral anomaly

Aoki Phase

(Topology, Index theorem)



− 〈(
∂∗
μJ

A
μ (x) + JA(x)

)O〉
+ 〈δxO〉 = 0

〈O〉 = 1

Z

∫
DUDψ̄Dψ e−(SG[U ]+SW [ψ,ψ̄,U ]) O

ψ(x) → ψ(x) + iγ5α(x)ψ(x)

ψ̄(x) → ψ̄(x) + ψ̄(x)iγ5α(x)

JA
μ (x) =

1

2
[ψ(x)γμγ5ψ(x+ μ̂) + ψ(x+ μ̂)γμγ5ψ(x)]

JA(x) =
1

2

[
ψ(x) · ∇μ∇μ

†ψ(x) + ψ∇μ∇μ
†(x) · ψ(x)]+ 2m0ψ̄(x)γ5ψ(x)

δαSW = a4
∑
x

{
i∂μα(x)J

A
μ (x) + iα(x)JA(x)

}

Axial Ward-Takahashi identity



Z[Jμ, η, η̄] =

∫
DUDψ̄Dψ e−(SG[U ]+SW [ψ,ψ̄,U ]) e(Jμ·Aμ+η̄·ψ+ψ̄·η)

U(x, μ) =

∞∑
l=0

(iag)l

l!
Aμ(x)

l Aμ(x) =

∫
d4k

(2π)4
eik(x+μ̂/2)Aμ(k) ψ(x) =

∫
d4p

(2π)4
eipxψ(p)

Dw0(p) = γμ
i

a
sin(pμa) +

r

a

∑
μ

[1− cos(pμa)] +m0

SW =

∫
d4p

(2π)4
ψ̄(p)Dw0(p)ψ(p) +

∞∑
l=1

V (l)

V (l) =

l∏
i=1

∫
d4kl
(2π)4

∫
d4p

(2π)4
ψ̄(q)

[
(iag)l

l!
(−i∂μ)

lDw0(p+
∑
i

ki/2)

]
ψ(p)Aμ1(k1) · · ·Aμl

(k1)

av(2)μ (k1, k2, p) = γμi sin(p+ k1/2 + k2/2)a− r cos(p+ k1/2 + k2/2)a

av(1)μ (k, p) = γμ cos(p+ k/2)a− ri sin(p+ k/2)a

Lattice perturbation theory [Karsten, Smit (1981) ]
[Kawai, Nakayama, Seo (1981) ]



[Kawai, Nakayama, Seo (1981) ]
Lattice perturbation theory [Karsten, Smit (1981) ]





− 〈(
∂∗
μJ

A
μ (x) + JA(x)

)O〉
+ 〈δxO〉 = 0



〈
JA(x)Aμ(y1)Aμ(y2)

〉
Chiral anomaly





Self-energy correction





m0mc(g
2)

M2
π0 = M2

π±

Mη

chiral limit ?

Aoki Phase

Nf=2 Lattice QCD with Wilson fermions

No exact chiral symmetry chiral limit ?



Aoki Phase

Nf=2 Lattice QCD with Wilson fermions

m00−2−4−6−8

〈ψ̄iγ5τ3ψ〉 = 0

�= 0〈ψ̄iγ5τ3ψ〉

Exact Parity, Flavor symmetriesNo exact chiral symmetry

Mπ  —> 0  as m0 —> mc(g)

M±
π = 0

g2
∞

chiral limit ?

�= 0〈ψ̄iγ5τ3ψ〉SSB

[S. Aoki (1984) ]



m0mc(g
2)

〈ψ̄iγ5τ3ψ〉 = 0�= 0〈ψ̄iγ5τ3ψ〉

M2
π± = 0

M2
π0

M2
π0 = M2

π±

Mη

chiral limit ?



Ginsparg-Wilson relation

Ginsparg-Wilson relation defines the chiral limit of lattice fermion action

      

• Low energy effective lattice action at IR fixed point of block spin tr. 

                                                                                   [Ginsparg-Wilson(1982)]  

• Exact chiral symmetry emerges                             [Luscher (1999)]

             δS = 0 δαψ(x) = iα γ5(1 − 2aD)ψ(x), δαψ̄(x) = iα ψ̄(x)γ5

γ5D
−1
∗ +D−1

∗ γ5 = 2aγ5δxy



Block-spin transformation

e−S′[ψ′,ψ̄′] =

∫ ∏
x

dψ(x)dψ̄(x) e−SW [ψ,ψ̄]
×

exp

{
−α

∑
x′

(
ψ̄′(x′) − Ψ̄(x′; ψ̄)

)
(ψ′(x′) − Ψ(x′; ψ))

}

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

x′ = na′

}
b(x′) ψ′(x′) ⇐

Z

24

∑
x∈b(x′)

ψ(x) = Ψ(x′; ψ)

S∗ = a4
∑

x

ψ̄(x)D∗ψ(x)

IR fixed point : 

GW rel.

local,  low-energy effective action

Ginsparg-Wilson(1982) 

γ5D
−1
∗ +D−1

∗ γ5 =
2

α
aγ5δxy



Block spin transformation for Wilson-Dirac fermions

Bx′ = {x ∈ Z
d
∣∣x = x′ + μ̂, μ = 1, · · · , d}, x′ ∈ (2Z)d

e−S′[ψ′(x′),ψ̄′(x′)] =

∫
DψDψ̄Dη′Dη̄′ e−S[ψ(x),ψ̄(x)] ×

e
∑

x′
{
a η̄′(x′)η′(x′)+η̄′(x′)

(
ψ′(x′)− b

2d

∑
x∈Bx′

ψ(x)
)
+η′(x′)

(
ψ̄′(x′)− b

2d

∑
x∈Bx′

ψ̄(x)
)}

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

��

�

�

�

x′ = na′

}
b(x′)

eW [η(x),η̄(x)] Z =

∫
DψDψ̄ e−S[ψ(x),ψ̄(x)] e−

∑{
η̄(x)ψ(x)+η(x)ψ̄(x)

}

eW
′[η′(x′),η̄′(x′)] = eW [η(x),η̄(x)]

∣∣∣
η(x),η̄(x)→ b

2d
η′(x′), b

2d
η̄′(x′), x∈Bx′

× ea
∑

x′ η̄
′(x′)η′(x′)

eW [η(x),η̄(x)] = e−
∑

x,y η̄(x)DW
−1(x,y)η(y)



eWD∗ [η(x),η̄(x)] = e−
∑

x,y η̄(x)D∗−1(x,y)η(y)

b = 2
d−1

2

D∗−1(x, y) =

∫
ddk

(2π)4
eik(x−y) {−iγμαμ(k) +R} ,

αμ(k) =
∑
l∈Zd

∏
ν

(
2 sin(kν/2)

kν + 2πlν

)2 kμ + 2πlμ
(kμ + 2πlμ)2

,

R =
a(

1− b2

2d

) = 2a.

Fixed point theory   D* (Dirac fermion)

D∗γ5 + γ5D∗ = 2RD∗γ5D∗

SD∗ =
∑
x

ψ̄(x)D∗ψ(x)

=
∑
x

{
ψ̄+(x)D∗ψ+(x) + ψ̄−(x)D∗ψ−(x)

}

x

Dc
−1(x, y) =

∫
ddk

(2π)4
eik(x−y) {−iγμαμ(k)}



Overlap Dirac operator

overalp Dirac operator is a local, gauge-covariant solution to G-W rel. 
                                                                                             [Neuberger  (1998)] 

• Low energy effective lattice action of 4+1 dim. DW fermion

• Index theorem holds true on the lattice (at a finite lattice spacing “a”)

• Reflection positivity is satisfied (in the free fermion limit at least)

D =
1

2a

(
1 + X

1
√

X†X

)
, X = aDw − m0, X†

= γ5Xγ5

Dw = −γμ
1

2
(∇μ −∇†

μ) +
a

2
∇μ∇†

μ



D =
1

2a

(
1 + γ5

Hw√
H2

w

)Locality of overlap Dirac operator

� Locality

1. If 0 < α < H2
w < β

1√
H2

w
= κ√

1−2tz+t2
= κ

∑∞
k=0 tk Pk (z)

z =
β+α−2H2

w
β−α , cosh θ = β−α

β+α , t = e−θ, κ =
√

4t
β−α

∥∥∥∥∥
1√
H2

w

(x , y)

∥∥∥∥∥ <
κ

1 − t
exp{−θ|x − y |/2}

2. If ‖ 1 − U� ‖ ≤ ε, ε < 1
30 (admissibility condition)

H2
w = (aDw − 1)(aDw − 1)† ≥ 1 − 30ε > 0

cf. in the continuum limit

(aγμDμ − 1)† (aγμDμ − 1) = 1 − a4(Dμ)2 − ia4 [γμ,γν ]
4 Fμν

α < H2
w < β
κ

. If ‖ 1 − U�UU ‖ ≤ ε, ε < 1
30

-1



a∇μφ(x) = U(x, μ)φ(x+ μ̂)− φ(x),

a2∇ν∇μφ(x) = U(x, ν) (U(x+ ν̂, μ)φ(x+ μ̂+ ν̂)− φ(x+ ν̂))− (U(x, μ)φ(x+ μ̂)− φ(x))

a2 [∇μ,∇ν ]φ(x) = {U(x, μ)U(x+ μ̂, ν)− U(x, ν)U(x+ ν̂, μ)}φ(x+ μ̂+ ν̂)

= −{
1− U(x, μ)U(x+ μ̂, ν)U(x+ ν̂, μ)−1U(x, ν)−1

}×
U(x, ν)U(x+ ν̂, μ)φ(x+ μ̂+ ν̂)

Therefore

‖ 1− U(x, μ)U(x+ μ̂, ν)U(x+ ν̂, μ)−1U(x, ν)−1 ‖≤ ε ⇒ ‖ a2 [∇μ,∇ν ] ‖≤ ε



a2H2
w ≥ 1− 1

4

∑
μ �=ν

‖ −a3∇∗
μ [∇μ,∇∗

ν −∇ν ] ‖

−1

4

∑
μ �=ν

‖ 1

2
iσμνa

2
[∇∗

μ +∇μ,∇∗
ν +∇ν

] ‖ −1

4

∑
μ �=ν

‖ −γμa
2
[∇∗

μ +∇μ,∇∗
ν −∇ν

] ‖
= 1− 1

4
· 12 · 2 · 2ε− 1

4
· 1
2
· 12 · 4ε− 1

4
· 12 · 4ε = 1− 30ε

For m0 = 1, H2
w = (aDw − 1)†(aDw − 1) is evaluated as follows:

(aDw − 1)†(aDw − 1) = 1 +
1

4

∑
μ �=ν

{Bμν + Cμν +Dμν}

Bμν = a4∇∗
μ∇μ∇∗

ν∇ν = a4∇∗
μ∇∗

ν∇ν∇μ − a3∇∗
μ [∇μ,∇∗

ν −∇ν ]

Cμν =
1

2
iσμνa

2
[∇∗

μ +∇μ,∇∗
ν +∇ν

]
Dμν = −γμa

2
[∇∗

μ +∇μ,∇∗
ν −∇ν

]

cf. (in the continuum limit)

(aγμDμ − 1)† (aγμDμ − 1) = 1− a4(Dμ)
2 − a4

[γμ, γν ]

4
[Dμ, Dν ]

= 1− a4(Dμ)
2 − ia4

[γμ, γν ]

4
Fμν



Eigenvalue distribution :

Re( )
Index(D) = n+ − n

−

Zero modes : Dψ0 = 0

γ5ψ0 = ±ψ0

∵ Dγ5ψ0 = (−γ5D + 2aDγ5D)ψ0 = 0

Index theorem :

(Jacobian of the chiral tr.)

Index(D) = Trγ5(1 − aD) (= Q)(x,x)

Q = −

1

2
Tr

{
Hw√
H2

w

}
= Trγ5(1 − aD)

Topological charge = spectral flow of Hw

                               = chiral anomaly

Index theorem on the lattice

(−2 < −m0a < 0)



Overlap Dirac operator is normal and satisfies the γ5-conjugate relation:

D +D† = 2aD†D = 2aDD† (normal), D† = γ5Dγ5 (γ5-conjugate)

1. Show that the eivenvalues of D,

Dψλ = λψλ,

distribute on the circle with the radius 1/2a and centered at (1/2a, 0) in the two-dimensional
complex plane.

2. Show that the eivenvalues of D are classified into three groups as follows:

λ = 0 : γ5ψλ(x) = ±ψλ(x) n±
λ = 1/a : γ5ψλ(x) = ±ψλ(x) N±

λ �= 0, 1/a : pair-wise

{
λ → ψλ

λ∗ → γ5ψλ

3. Prove the index theorem on the lattice

Tr{γ5(1− aD)} = n+ − n−



1. For an eigenvalue λ and an eivenvector ψλ(x) belonging to it,

Dψλ(x) = λψλ(x),

one has

a4
∑
x

ψ†
λ(x)

{
D +D† − 2aD†D

}
ψλ(x) = (λ+ λ∗ − 2aλ∗λ) (ψλ, ψλ) = 0

Then one can show

λ+ λ∗ − 2aλ∗λ = (−2a)
[
(λ− 1/2a)(λ− 1/2a)∗ − (1/2a)2

]
= 0



2. (a) λ = 0

Suppose ψλ belongs to the zero eigenvalue, Dψλ = 0. Then

D (γ5ψλ) = {−γ5D + 2aDγ5D}ψλ = 0.

This implies that ψλ can be made to be chiral

D

(
1 + γ5

2

)
ψλ = 0 or D

(
1− γ5

2

)
ψλ = 0

(b) λ = 1/a

Suppose ψλ belongs to the eigenvalue 1/a, Dψλ = (1/a)ψλ. Then

(D − 1/a) (γ5ψλ) = {−γ5(D − 1/a) + 2a(D − 1/a)γ5(D − 1/a)}ψλ = 0.

This implies that ψλ can be made to be chiral

(D − 1/a)

(
1 + γ5

2

)
ψλ = 0 or (D − 1/a)

(
1− γ5

2

)
ψλ = 0

(c) λ �= 0, 1/a

Suppose ψλ belongs to the eigenvalue λ �= 0, 1/a, Dψλ = λψλ. Since D is
normal, ψ†

λD = λψ†
λ. Then

D (γ5ψλ) = γ5D
†ψλ = γ5

(
λψ†

λ

)†
= λ∗ (γ5ψλ)



3. ∑
λ

ψ†
λγ5(1− aD)ψλ =

∑
λ=0,1/a

ψ†
λγ5ψλ − a

∑
λ=1/a

λψ†
λγ5ψλ

= (n+ − n−) + (N+ −N−)− (N+ −N−)

= n+ − n−



Locality, Topology of lattice gauge fields, Admissibility condition

(x,x
)

� Role of the admissibility condition

Locality of D GW rel.

γ5D + Dγ5 = 2Dγ5D

Index of D

Local chiral anomaly∑
x −trγ5D(x, x)

Admissibility cond.

‖1 − U�(x)‖ < ε

Topological structure
of lattice gauge fields

Topological charge
Q = −1

2

∑
x trγ5D

Index theorem
on the lattice⇑

=⇒ =⇒

=⇒ =⇒

⇑

⇓
↘

↘
Admissibility cond.

‖1 − U�UU (x)‖ < ε
=

Locality of D

ToTT pological structure
of lattice gauge fields

↘

δαψ(x) = iα γ5(1 − 2aD)ψ(x), δαψ̄(x) = iα ψ̄(x)γ5

γ5D + Dγ5 = 2aDγ5D

Mass gap of 4+1 dim. Domain-wall fermions (w/o bdy)=⇒



Weyl Fermion on the lattice (cf. NN theorem)

Overlap Weyl fermions

     
              

       

Path integral measure and Chiral determinant 

       

        

                                    

P̂± =

(
1± γ̂5

2

)
, P± =

(
1± γ5

2

)
γ̂5 = γ5(1− 2aD) γ̂5

2 = I

γ̂5ψ±
(x) = ±ψ

±
(x), ψ̄

±
(x)γ5 = ∓ ψ̄

±
(x)

S = a4
∑

x

ψ̄(x) D ψ(x)

= a4
∑
x

{
ψ̄(x)P+DP̂−ψ(x) + ψ̄(x)P−DP̂+ψ(x)

}

                         

Mji = a4
∑

x

v̄jDvi(x)

(N
−
× N̄

−
rectangular matrix)

[Narayanan-Neuberger (1993)]

{vi(x) | γ̂5vi(x) = −vi(x) (i = 1, · · · , N
−

)}

{v̄i(x) | v̄i(x)γ5 = +v̄i(x) (i = 1, · · · , N̄
−

)}
ψ
−

(x) =
∑

i

vi(x)ci ψ̄
−

(x) =
∑

i

c̄iv̄i(x)

Z =

∫ ∏
i

dci

∏
j

dc̄j e−
P

ij
c̄jMjici = 0= detMji



Gauge anomaly of overlap Weyl fermion 

Determinant line bundle over 

     

   

Oa ∩ Ob vbi (x) =
∑
l

val (x)τ(a → b)li gab ≡ det τ(a → b)

ṽai (x) = val (x)h
a
lj

g̃ab = detha gab deth
−1
b

Oa ∩ Ob ∩ Oc gac = gab gbc

ṽi(x) = vl(x)
(Q−1

)
li
, c̃j =

∑
l

Qjlcl

D[ψ−] → D[ψ−] detQ detMji → detMji detQ
O ⊂ U[Q]

U =
{
{U(x, μ)}

∣∣∣ ‖ 1− Uμν(x) ‖< ε ∀(x, μ, ν)
}

δηU(x, μ) = iaημ(x)U(x, μ)

δη ln detMji = Tr
{
δηDP̂−D−1P+

}
+

∑

i

(vi, δηvi)

= iTrωγ5 (1 −D)− i
∑

i

(vi, δωvi) ημ(x) = −i∇μω(x)

gauge anomaly!tr{T aγ5(1−aD)(x , x)} a→0−−−→ −1
128π2 dabcεμνρσF b

μν(x)F
c
ρσ(x)+O(a)

∑

R

dabc =
∑

R

2i tr{T a[T bT c + T cT b]}

U



[ ]
Derive the Weyl fermion propergator

〈ψL(x) ψ̄L(y)〉F = P̂LD
−1PR

By performing the grassman number integration over ci, c̄k, one obtains

〈ψL(x) ψ̄L(y)〉F =
∑

i,k

vi(x)
(
M−1

)
ik
v̄k(y), Mki = (v̄kDvi).

Noting

P̂L(x, y) =
∑

i

vi(x)vi(y)
†, PR(x, y) =

∑

k

v̄k(x)
†v̄k(y),

one can show

∑

i

(v̄kDvi)(v
†
iD

−1v̄†l )

= v̄kDP̂LD
−1v̄†l = v̄kPRDD−1v̄†l = δkl,

which implies (
M−1

)
ik
=

∑

x

vi(x)
†D−1v̄k(x)

†.



x

Then one obtains

〈ψL(x) ψ̄L(y)〉F =
∑

i,k

vi(x)
(
M−1

)
ik
v̄k(y)

=
∑

i,k

vi(x) vi(x)
†D−1v̄k(x)

† v̄k(y)

= P̂LD
−1PR.



Chiral fermion bound to domain-wall & Anomaly inflow

� x5 = ta5
�

�
�

�
�

�
��

�
�

�
�

�
�

��

t = 0

ΨL(x) −m0+m0

{iγμDμ + iγ5∂5 − m0ε(x5)}ψ(x, x5) = 0

chiral mode bound to Domain-wall5 dim. fermion coupled to Domain-wall

V (x, x5) = γ5m0δ(x5) ψ0(x, x5) � ψ−(x) e−m0|x5|=⇒

Callan-Harvey (1985) 

Kaplan(1992) 5 dim. Wilson fermion coupled to Domain-wall

Kaplan-Jansen-Golterman (1993)5 dim. Wilson fermion -> Chern-Simons term 
                                 -> anomaly  inflow  

SDW = a4
∑
x,t

ψ̄(x, t)

{
a5Dw − 1− γ5

2
∂t − 1 + γ5

2
∂t

† −m0θ(t+ 1/2)

}
ψ(x, t)ε(t+ 1/2)



d

du
η [Uμ(x, t;u)] = lim

a5→0
lim
T→∞

1

π
ImTr(T )

d

du
D5w(∞)

1

D5w(∞) − m0

a

+
1

π
ImTrx PL

d

du
D

1

D
.

c =
1

5!

∫ π

−π

d5k

(2π)5
εMNIJKTr

{(
∂MS−1S

) (
∂NS−1S

)×(
∂IS

−1S
) (

∂JS
−1S

) (
∂KS−1S

)}
(k)

=
i

8π2
,

S−1(k) =

5∑
M=1

(
iγM sin kM + 2 sin2

kM
2

)
−m0 (0 < m0 < 2)

π η ≡ lim
a5→0

lim
T→∞

Im ln det
(
D5w(T) −

m0

a

)
cf.  [Aoyama-YK (1999)]

=
a,a5→0

− lim
T ′→∞

∫
d4x

∫ T ′

−T ′

dt
1

32π2
εμMNKLtr

{
d

du
Aμ FMNFKL

}
(x, t;u)1st term in R.H.S.

Chern-Simons term induced by Wilson-Dirac fermion in 2n+1 dim.

T 2n+1 → S2n+1

[H. So (1984),  Coste-Luscher (1989)]



Lattice domain-wall fermion

Dw = −γμ
1

2
(∇μ −∇†

μ) +
a

2
∇μ∇†

μ

[Kaplan(1992)] [Shamir(1993)]

SDW =
∑

x,t

ψ̄(x, t)X(5)
w ψ(x, t)



detX(5)
w |Dir. = detD′

ov detX
(5)
w |AP (N → ∞)



Master relations for d=2n+1, 2n+2 lattice domain wall fermions

d = 2n+ 1

H = −γdX
(d−1)
w

1

1 + adX
(d−1)
w /2

d = 2n+ 2

H = −γ̃dX̃
(d−1)
w

1

1 + ad X̃
(d−1)
w /2

= −
(

0 X(d−1)

X(d−1)† 0

)

X(d−1) = X(d−1)
w

1

1 + adX
(d−1)
w /2

γ̃d =

(
0 I

I 0

)
= I ⊗ σ1, γ̃μ = γμ ⊗ (−σ3)

detX(d)
w

∣∣c1c−1
2

AP
= det

(
1 +

∏

t∈c1c
−1
2

Tt

)

detX(d)
w

∣∣c1
Dir

= det
(
P− + P+

∏
t∈c1

Tt

)

Tt =
1− adHt/2

1 + adHt/2



det (D5w −m0)[Dir]
= detDN · det (D5w −m0)[AP ]

DN =
1

2a

(
1 + γ5 tanh

(
a5NH

2

))

H = − 1

a5
lnT

T =

(
1

B

1

B
a5C

−a5C
† 1

B
B + a25C

† 1

B
C

)

B = 1 + a5(B4 −m0), Dw =

(
B4 −C
C† −B4

)



Evaluation of det
(
D5w − m0

a

)
(a5 = a = 1)

D5w −m0

= (Dw −m0 + 1) δts − PLδt+1,s − PRδt,s+1

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
B C

−C† B

) [
0 0
0 −1

]
· ·

[
+1 0
0 0

]
[ −1 0

0 0

] (
B C

−C† B

) [
0 0
0 −1

]
· ·

·
[ −1 0

0 0

] (
B C

−C† B

) [
0 0
0 −1

]
·

· ·
[ −1 0

0 0

] (
B C

−C† B

) [
0 0
0 −1

]
[
0 0
0 +1

]
· ·

[ −1 0
0 0

] (
B C

−C† B

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⇒

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
C B
B −C†

) [
0 0
−1 0

]
· ·

[
0 +1
0 0

]
[
0 −1
0 0

] (
C B
B −C†

) [
0 0
−1 0

]
· ·

·
[
0 −1
0 0

] (
C B
B −C†

) [
0 0
−1 0

]
·

· ·
[
0 −1
0 0

] (
C B
B −C†

) [
0 0
−1 0

]
[

0 0
+1 0

]
· ·

[
0 −1
0 0

] (
C B
B −C†

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⇒

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
B 0

−C† −1

)
· · ·

[
+1 C
0 B

]
[ −1 C

0 B

] (
B 0

−C† −1

)
· · ·

·
[ −1 C

0 B

] (
B 0

−C† −1

)
· ·

· ·
[ −1 C

0 B

] (
B 0

−C† −1

)
·

· · ·
[ −1 C

0 B

] (
B 0

−C† +1

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



Set

α ≡
(

B 0
−C† −1

)
β ≡

[ −1 C
0 B

]

αX ≡
(

B 0
−C† X

)
βY ≡

[
Y C
0 B

]

X, Y = 0 for Dirichlet B.C., X, Y = +1 for AP B.C.
Then

D5w −m0 ⇒

⎛
⎜⎜⎜⎜⎝

α · · · βY

β α · · ·
· β α · ·
· · β α ·
· · · β αX

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

α · · · ·
β α · · ·
· β α · ·
· · β α ·
· · · β αX

⎞
⎟⎟⎟⎟⎠×

⎛
⎜⎜⎜⎜⎝

1 · · · −V1

· 1 · · −V2

· · 1 · −V3

· · · 1 −V4

· · · · 1− V5

⎞
⎟⎟⎟⎟⎠

where

−αV1 = βY

−βV1 − αV2 = 0

−βV2 − αV3 = 0

−βV3 − αV4 = 0

−βV4 + αX(1− V5) = αX



Now one can evaluate the determinant:

det (D5w −m0)X,Y
= {detα}N−1 detαX det(1− VN)

where
VN = α−1

X
α · {−α−1β

}N · β−1βY

−α−1β =

(
1

B
− 1

B
C

−C† 1

B
B + C† 1

B
C

)
= T = e−H

α−1αY =

(
1 0
0 −X

)

β−1βY =

( −Y 0
0 1

)

For Dirichlet b.c. and Anti-Periodic b.c., respectively, one obtains

det (D5w −m0) = {det(PL + PRB)}N · det γ5 · det(PR + PLT
N)

det (D5w −m0)AP
= {det(PL + PRB)}N · det γ5 · det(1 + TN)

PR + PLT
N

1 + TN
=

1

2

(
1 + γ5

1− TN

1 + TN

)
=

1

2
(1 + γ5 tanh(NH/2)) = DN



Block spin trans.
≡Integration of high energy modes

⇓

Domain wall fermion
≡Integration of heavy modes

⇓
Local low energy effective action

S =
∑

x ψ̄(x)Dψ(x)

⇓
Ginsparg-Wilson rel.
γ5D + Dγ5 = 2aDγ5D

⇓ ⇓
Local low energy effective actionffff

S =
∑

x ψ̄(x)Dψ(x)

⇓

Block spin transformation &  Extra dimensions/ d+1 Domain-wall fermion
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[9] M. Lüscher, Nucl. Phys. B 549, 295 (1999) [arXiv:hep-lat/9811032].
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2. ハミルトニアン形式,  Schwinger-Keldysh形式



Hamiltonian Approach to Lattice Gauge Theory

D = D(3)
w , D

(3)
ks , D

(3)
ov

[
Ea

k(x), {Uk′(y)}ij
]
= + {T aUk(x)}ij δk,k′ δx,y,[

Ea
k(x),

{
U−1
k′ (y)

}
ij

]
= −{

U−1
k (x)T a

}
ij
δk,k′ δx,y,

Ea
k(x) = {T aUk(x)}ij

δ

δ {Uk(x)}ij

[ψ(x), ψ†(x)] = δx,y

Ga(x) = (∇k
∗Ek)

a(x)− ψ̄(x)T aψ(x)

Kogut-Susskind (1975)

H = HG +HF

HG = a3
∑
x∈L3

⎧⎨
⎩

g2

2

3∑
k=1

∑
a

Ea
k(x)E

a
k (x) +

3∑
k,l=1

1

2g2
Tr(1− Ukl(x))(1− Ukl(x))

†

⎫⎬
⎭

HF = a3
∑
x∈L3

ψ†(x)γ0(D +m0)ψ(x)



SG =
∑
τ,x

∑
μν

1

2g2
Tr{(1− Uμν)(1− Uμν)

†}

=
∑
τ,x

∑
k

1

g2
Tr{2− Uk(τ, x)U

†
k(τ + 1, x)− U †

k(τ, x)Uk(τ + 1, x)}

+
∑
τ,x

∑
kl

1

2g2
Tr{(1− Ukl)(1− Ukl)

†}(τ, x)

TG(U,U
′) = e

−
∑

x

∑
kl

1

4g2
Tr{(1−Ukl)(1−Ukl)

†} ×
e
−
∑

x

∑
k

1

g2
Tr{2−UkU

′
k
†−U ′

kU
†
k
} ×

e
−
∑

x

∑
kl

1

4g2
Tr{(1−U ′

kl)(1−U ′
kl)

†}

= e
−
∑

x

∑
kl

1

4g2
Tr{(1−Ukl)(1−Ukl)

†} ×∏
x

∏
k

e
− 2Nc

g2
∑
r

dr Lr

(
2Nc/g

2
)
Trr{UkU

′
k
†} ×

e
−
∑

x

∑
kl

1

4g2
Tr{(1−U ′

kl)(1−U ′
kl)

†}
,

e
− 1

g2
Tr{2−U−U†}

= e
− 2Nc

g2
∑
r

dr Lr

(
2Nc/g

2
)
Trr{U}

e
− 1

g2
{1−cos θ}

= e
− 1

g2
∑
m

Im
(
1/g2

)
eimθ Im(1/g2) → e−

g2

2 m2

(g → 0)

Lr(4/g
2) → e−∗ g2

2 C2(r) (g → 0)



TF = B
−1/2
t

[
βt(−α−1

t−1)
]
B

1/2
t−1

= B
−1/2
t [(2 + a0D3w)γ0]t(1−Ht/2)

1

1 +Ht−1/2

1

[(2 + a0D3w)γ0]t−1
B

1/2
t−1

TF (Δ) = B
−1/2
t [(2 + a0D3w)γ0]t(1−ΔHt/2)

1

1 + ΔHt−1/2

1

[(2 + a0D3w)γ0]t−1
B

1/2
t−1

TF (Δ)TF (−Δ) = 1 Δ = ±i

H = a0γ0(D
(3)
w +m0)

1

1 + a0(D
(3)
w +m0)/2



Hstg. =
∑
n

g2a′

2

{(
Ln +

θ

2π

)2

− 1

4
(−1)nχ̄nχn

}
−

∑
n

i

2a′
(
χ̄nUnχn+1 − χ̄n+1U

†
nχn

)
1+1 dim. Schwinger model in Staggered fermion “representation”

χn → χ′
n = Unχn+1

χ̄n → χ̄′
n = χ̄n+1U

†
n

1+1 dim. Schwinger model in Wilson(Overlap)-Dirac fermion “representation”

ψ(x) → ψ′(x) ≡ U−1ψ(x)U = γ5

{
1 +

(
1− γ1

2

)
D1

}
ψ(x)

ψ(x) → ψ′(x) ≡ U−2ψ(x)U2 = U1(x)ψ(x+ 1̂).

H0(g, θ) =
∑
x

g2

2

(
E1(x) +

θ

2π

)2

+
∑
x

ψ†(x)γ0Dwψ(x),

Hc(g, θ) =
∑
x

g2

2

{(
E1(x) +

θ

2π

)[
ψ†(x+ 1)

(
1− γ1

2

)
ψ(x+ 1)− 1

]

−1

4

[
ψ†(x+ 1)

(
1− γ1

2

)
ψ(x+ 1)− 1

]}
,

ψ(x) =

(
χ2x

χ2x−1

)

D(1)
ov = Dw/2 Γ = γ5

{
1 +

(
1− γ1

2

)
∇1

}
= γ5(1−D(1)

ov ) + iγ0D
(1)
ov

  [Dempsey, Klebanov, Pufu, Zan 2023)]

[Fujii. Fujikura, Okuda,    
 Pedersen, Y.K.(2024)]

Unitary Discrete Chiral Symmetry of Hamiltonian formalism in 1+1 dim.  

  — θ term & counter terms                                               



Q5 ≡
∑
x

ψ†(x)γ5
(
1− Dw

2

)
ψ(x).

[ψ(x), Q5] = γ5

(
1− Dw

2

)
ψ(x),

[Hw, Q5] = 0,

ψ(x) → ψ′(x) ≡ U−1ψ(x)U = γ5

{
1 +

(
1− γ1

2

)
D1

}
ψ(x)

A = γ5

{
1 +

(
1−γ1
2

)
D1

}

A†A =

[
γ5

{
1 +

(
1− γ1

2

)
D1

}]†
γ5

{
1 +

(
1− γ1

2

)
D1

}

=

{
1 +

(
1− γ1

2

)
D†

1

}{
1 +

(
1− γ1

2

)
D1

}

= 1 +

(
1− γ1

2

)
D†

1 +

(
1− γ1

2

)
D1 +

(
1− γ1

2

)
D†

1D1

= 1 (∵ D†
1 ×D1 = −D1 −D†

1),

U = e
∑

x,y ψ†(x){LnA}xyψ(y), Axy =

{
γ5

[
1 +

(
1− γ1

2

)
D1

]}
xy

ψ(x) → ψ′(x) ≡ U−2ψ(x)U2 = U1(x)ψ(x+ 1̂).

Chiral Symmetry in the Wilson(Overlap)-Dirac fermion representation

Discrete Chiral Symmetry in the Wilson(Overlap)-Dirac fermion representation



U−1E1(x)U = E1(x) + ψ†(x+ 1)

(
1− γ1

2

)
ψ(x+ 1) (1.43)

= E1(x+ 1)− ψ†(x+ 1)

(
1 + γ1

2

)
ψ(x+ 1) + 1−G(x+ 1).

U−2E1(x)U
2 = E1(x) + ψ†(x+ 1)ψ(x+ 1) (1.44)

= E1(x+ 1) + 1−G(x+ 1). (1.45)

U−1ψ†(x)
(
1 + γ1

2

)
ψ(x)U = ψ†(x+ 1)

(
1− γ1

2

)
ψ(x+ 1), (1.46)

U−1ψ†(x)
(
1− γ1

2

)
ψ(x)U = ψ†(x)

(
1 + γ1

2

)
ψ(x), (1.47)

U−1G(x)U = G(x). (1.48)

ψ(x) → ψ′(x) ≡ U−1ψ(x)U = γ5

{
1 +

(
1− γ1

2

)
D1

}
ψ(x)

U = e
∑

x,y ψ†(x){LnA}xyψ(y) γ5

{
1 +

(
1− γ1

2

)
D1

}
Axy =

xy

ψ(x) → ψ′(x) ≡ U−2ψ(x)U2 = U1(x)ψ(x+ 1̂).



E1(x)− E1(x− 1) = ψ†(x)ψ(x)− 1 +G(x)

L2x − L2x−1 = ψ†(x)
(
1 + γ1

2

)
ψ(x) +G2x

L2x−1 − L2x−2 = ψ†(x)
(
1− γ1

2

)
ψ(x)− 1 +G2x−1

cf. Ln − Ln−1 = χ†
nχn − 1− (−1)n

2
+Gn (n = 2x, 2x− 1)

E1(x) ≡ L2x

U−1E1(x)U = E1(x) + ψ†(x+ 1)

(
1− γ1

2

)
ψ(x+ 1)

≡ L2x+1 + 1

U−2E1(x)U
2 = E1(x) + ψ†(x+ 1)ψ(x+ 1)

= E1(x+ 1) + 1−G(x+ 1)

≡ L2x+2 + 1−G(x+ 1)

U−1L2xU = L2x+1 + 1

U−1L2x+1U = L2x+2 −G(x+ 1)

cf. U−1LnU = Ln+1 +
1 + (−1)n

2
− 1− (−1)n

2
G(x) (n = 2x, 2x− 1)



T (θ) =
∑
x

g2

2

1

2

{(
L2x +

θ

2π

)2

+

(
L2x−1 +

θ

2π

)2
}

U−1T (θ)U =
∑
x

g2

2

1

2

{
U−1

(
L2x +

θ

2π

)2

U + U−1

(
L2x−1 +

θ

2π

)2

U

}

=
∑
x

g2

2

1

2

{(
L2x+1 +

θ

2π
+ 1

)2

+

(
L2x +

θ

2π
−G(x)

)2
}

=
∑
x

g2

2

1

2

{(
L2x+1 +

θ

2π
+

1

2
+

1

2

)2

+

(
L2x +

θ

2π
+

1

2
− 1

2

)2
}

=
∑
x

g2

2

1

2

{(
L2x+1 +

θ

2π
+

1

2

)2

+

(
L2x +

θ

2π
+

1

2

)2

+

(
L2x+1 +

θ

2π
+

1

2

)
−

(
L2x +

θ

2π
+

1

2

)
+

(
1

2

)2

+

(
−1

2

)2
}

=
∑
x

g2

2

1

2

{(
L2x+1 +

θ

2π
+

1

2

)2

+

(
L2x +

θ

2π
+

1

2

)2

+

(
ψ†(x+ 1)

(
1− γ1

2

)
ψ(x+ 1)− 1

)
+

1

2

}

=
∑
x

g2

2

1

2

{(
L2x+1 +

θ

2π
+

1

2

)2

+

(
L2x +

θ

2π
+

1

2

)2

+
1

2

(
ψ†(x)

(
1− γ1

2

)
ψ(x)− ψ†(x)

(
1 + γ1

2

)
ψ(x)

)
− 1

2
G(x)

}
2 2

= T (θ + π) +X +
∑
x

g2

2

(
E1(x) +

θ

2π

)
G(x) +

∑
x

g2

4
G(x)



X =
∑
x

g2

4

{(
ψ†(x)

(
1− γ1

2

)
ψ(x)− 1

)
+

1

2

}

=
∑
x

g2

8

(
ψ†(x)

(
1− γ1

2

)
ψ(x)− ψ†(x)

(
1 + γ1

2

)
ψ(x)

)
−

∑
x

g2

8
G(x)

U−1XU = −X −
∑
x

g2

4
G(x)

ΔT ≡ 1

2
X

U−1ΔTU = −ΔT −
∑
x

g2

8
G(x)

= ΔT −X −
∑
x

g2

8
G(x)

∴ U−1[T (θ) + ΔT ]U

= [T (θ + π) + ΔT ]−
∑
x

g2

8
G(x) +

∑
x

g2

2

(
E1(x) +

θ

2π

)
G(x) +

∑
x

g2

4
G(x)



2a′ = a, χ2x = b(x), χ2x−1 = d†(x) (γ0 = σ2 → −σ2)

Hstg. = Hw +
∑
x

g2(2a′)
2

{
1

2
− 1

4
G2x

}



Relation to Wilson(Overlap)-Dirac fermion “representation”

1+1 dim. Schwinger model in 2+1 DWF fermion “representation” ???

HF =
∑
x

Nt∑
t=0

ψ̄(x, t)γ0(D
(2)
w −m0)ψ(x, t)

(
1 + γ3

2

)
ψ(x,Nt + 1) = 0

(
1− γ3

2

)
ψ(x,−1) = 0

Det(D
(2)
w −m0)|Dir.

Det(D
(2)
w −m0)|AP.

= DetD′
ov � DetDw

Relation to Stacy (Tangent) fermion

D−1
c = D−1

ov − 1 = 2D−1
w − 1

= −iγ1
sin p

1− cos p
= −iγ1

sin(p/2)

cos(p/2)

Dc = iγ1 tan(p/2)

i∂tN |Ψ〉 = H̃|Ψ〉 H̃ = γ0(iγ1 sin p)

Ñ =
1− cos p

2

[Haegeman et. al (2024)]

{χ(p), χ†(p)} =
1− cos p

2



[Creutz, Horvath, Neuberger  (2001)]

Γ5 = γ5(1−D) + iγ0D Γ†
5Γ5 = 1

Q5 = γ5(1−D),
[Q5,H

]
= 0, Q2

5 +H2 = 1

H ≡ γ0D,

D ≡ D(3)
ov =

1

2

⎛
⎝1 +X(3)

w

1√
X

(3)
w

†X(3)
w

⎞
⎠

D† = γ5Dγ5 = γ0Dγ0

D +D† = 2D†D = 2DD†

[Neuberger,  Y.K. (1998)]

H = a3
∑
x∈L3

g2

2

3∑
k=1

Ea
k(x)E

a
k(x) + a3

∑
x∈L3

ψ̄−(x)γ0Dψ−(x)

Unitary Discrete Chiral Symmetry of Hamiltonian formalism in 3+1 dim.                    

θ term & counter terms ?



Schwinger-Keldysh formalism for LFT

〈Ô(τ)〉β,μ ≡ Tr
[{

T̂+1

}β−τ
Ô
{
T̂+1

}τ
] /

Z(β, μ)

〈Ô(t)〉 ≡ Tr
[
ρ̂
{
T̂−i

}T {
T̂+i

}T−t
Ô
{
T̂+i

}t
] /

Z

〈Ô(t)〉 ≡ Tr
[{

T̂+1

}β {
T̂−i

}T {
T̂+i

}T−t
Ô
{
T̂+i

}t
] /

Z

=⇒ T̂±i = e∓ia0Ĥ

τ=0

τ=(Nβ-1)a0

τ = 0, 1, 2, · · · , Nβ − 1

t=0 t=NTa0

x
ρ̂ t = 0, 1, 2, · · · , NT − 1

T=NTa0

β=Nβa0

t=0

t=-i(Nβ-1)a0

t=NTa0

T̂+1 = e−a0Ĥ
(
= e−a0V̂ /2e−a0Π̂2/2e−a0V̂ /2

)

s = 0, 1, 2, · · · , NT − 1,

NT , · · · , 2NT − 1,

2NT , · · · , 2NT +Nβ − 1

Closed Time Path

Δs =

⎧⎨
⎩

+i+ ε
−i+ ε
+1

* to recover in the continuum limit

T̂−iT̂+i = I, T̂±i = Â Û±i Â
−1

T̂+1T̂±i − T̂±iT̂+1 �= 0

Construct Transfer matrixes for 
Scalar, Link and Wilson fermion fields so that

 [Alexandru et al.(2016)] [Fujii, Hoshina & YK(2019)]



Schwinger-Keldysh formalism for Lattice Gauge Theory(QCD)
[Fujii, Hoshina & YK]

U0(x, s) = 1 (s = 0, · · · , 2NT +Nβ − 2), U0(x, 2NT +Nβ − 1) = P (x)

S
[Δ]
G =

∑
s,x

{∑
k

KΔs

[
Uk(s)Uk

†(s− 1)
]
+
∑
kl

Δs +Δs−1

2g2
ReTr(1− Ukl)(s)

}

e−KΔ[UU ′†] =

⎧⎪⎨
⎪⎩
e
− 1

g2
Tr{2−UU ′†−U ′U†}

(Δ = +1)

e
− 2Nc

g2Δ
∑

r dr {Lr (2Nc/g
2) }Δ Trr{UU ′†} (Δ = ±i)

S
[Δ]
W =

∑
s,s′,x

ψ̄(s, x)

{
−
(
1− γ0

2

)
δs+1,s′ e

−μ −
(
1 + γ0

2

)
δs,s′+1 e

+μ + δss′

+a0

[
γk

1

2

(
∇k −∇†

k

)
+

1

2
∇k∇†

k +m

]
Vs,s′

}
ψ(s′, x)

Vs,s′ =
Δs − 1

2

(
1− γ0

2

)
δs,s′−1 +

Δs−1 − 1

2

(
1 + γ0

2

)
δs,s′+1

+

[
Δs + 1

2

(
1 + γ0

2

)
+

Δs+1 − 1

2

(
1− γ0

2

)]
δs,s′

s = 0, 1, 2, · · · , NT − 1,

NT , · · · , 2NT − 1,

2NT , · · · , 2NT +Nβ − 1

Closed Time Path

Δs =

⎧⎨
⎩

+i+ ε
−i+ ε
+1

Δ = ±i+ ε

[Kanwar, Wagman]
cf. [Matsumoto]



T̂GΔ =
∏
x

{
e
−
∑

kl
Δs
2g2

ReTr(1−Ukl)(s)e−
∑

k
KΔs [U(s)U(s−1)−1]e

−
∑

kl

Δs−1

2g2
ReTr(1−Ukl)(s−1)

}

ZlatQCD[β, μ;T ] = Tr
[{
T̂+1

}β{
T̂−i

}T{
T̂−i

}T ]
=

∫
D[U ]D[ψ]D[ψ̄] e−S

[Δ]
G [U ]−S

[Δ]
W [ψ,ψ̄,μ]

2NT∏
s=1

{detαsΔs}−1

T̂Δ = T̂GΔ ⊗ T̂FΔ

Hs/2 = γ0a0D3w
1

(2 + a0D3w) s
As = B−1/2

s [(2 + a0D3w)γ0]s

Bs = 1 + a0[
1

2
∇k∇†

k +m]s

αsΔ =
1

2
[Δ a0D3w + (2 + a0D3w)γ0]s

T̂FΔ = As (1−ΔHs/2)
1

1 + ΔHs−1/2
A−1

s−1

e−KΔ[UU ′†] =

⎧⎪⎨
⎪⎩
e
− 1

g2
Tr{2−UU ′†−U ′U†}

(Δ = +1)

e
− 2Nc

g2Δ
∑

r dr {Lr (2Nc/g
2) }Δ Trr{UU ′†} (Δ = ±i)

Δ = ±i+ ε



Spectral function

Responce to time-dependent external source

Conductivity & Kubo’s responce function

p0 ∈
[
− π

a0
,+ π

a0

]

ex. EM field ( U(1) link field )

conserved U(1) current
of the lattice fermions〈J̄k(t,x)〉β [V0]

〈J̄k(t,x)〉β [V0] �
∑
t′x′

GR(t,x; t
′,x′)A0(t

′,x′)

σ =
1

d

T∑
t=t′0

−Nβ−t′0∑
s′=t′0

∑
x

〈[
J̄k(t,x), J̄k(s

′,x′)
]〉

β

GK
kl(x, x

′) =
1

Nβ

−Nβ−t′∑
s′=t′

∑
x

〈[
J̄k(t,x), J̄l(s

′,x′)
]〉

β

GR(x, x
′) = iθ(t− t′)

〈[
J̄k(t,x), J̄0(t

′,x′)
]〉

β

ρ(p, β)T ≡
T/2∑

t=−T/2

∑
x

eip0t−ipx
〈[
φ(t+ T/2,x), φ(T/2,0)

]〉
β

Vμ(t,x) = eie0Aμ(t,x) ⇐⇒ Jμ(t,x)

T → ∞



• (NT )
•NT

(a) NT = 30 (b) NT = 80

a0 = 1,Nβ = 8, m̂0 = 0.3, p̂1 = 0.3

ρ(p;NT ,Nβ , a0) =
1

2sin E

NT/2∑
n′t=−NT/2

(
cos(p0 − E )n′t − cos(p0 + E )n′t

)

[Fujii, Hoshina & YK (2019)]



3. 格子フェルミオンの ’t HooftアノマリーとアノマリーInflow



 [Wen(2013),  You-BenTov-Xu(2014), You-Xu (2015), Wang-Wen (2018)]
[Creutz, Horvath(1994)] [Qi, Hughes, Zhang (2008)]

Hamiltonian formalism of 4+1 dim. lattice DWF 
= Free Fermion 4D TI/TSC (with Time-reversal symmetry,  cf. 2+1dim.  IQHE)

Trivial phase

� xd = ad t (t ∈ Z)�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

t = −N + 1 t = N

ψ+(x) ψ
−
(x)−m0 +m0(↗ ∞)+m0(↗ ∞)

Topological phase Trivial phase

Ĥ4DTI =
ν∑

i=1

∑
p

âi(p)
†
{ 4∑

k=1

αk sin(pk) + β
([ 4∑

k=1

cos(pk)− 4
]
+m

)}
âi(p)

Ĥ
(bd)
3D =

ν∑
i=1

∫
d3x ψ̂i(x)

†
{ 3∑

l=1

(−i)σl∂l

}
ψ̂i(x)

Edge chiral modes are described by low energy effective 3D Hamiltonian

3D Edge chiral modes described directly on the lattice by
    low energy effective 3+1dim. lattice model of Overlap Weyl fermions

Domain-wall fermion and 4D TI/TSC & SPT phase



Relation to 4D TI/TSC and SPT phase

classification of 4D TI/TSC, SPT phase

free fermion case (K theory):
TI     (with U(1))                                  AII  type classified by ν in     
TSC (without U(1), Majorana mass)  DIII type with only a trivial vacuum

interacting case (cobordism): 
ν=16,  16 of SO(10), Majorana mass, U(1) broken by interaction 

   Ωspin5(BSpin(10)) = 0

(for 16 of SO(9), one can breaks U(1) by Majorana mass —> “DIII classified by 0”

                            if U(1) breaks to       ,  spin     str.           —> “DIII classified by 16” )

 “AII” is trivialized by a certain SO(10)-invariant and U(1)-breaking interaction, 
     and the boundary edge modes may be gapped completely without symmetry breaking 

No obstruction for SO(9) => SO(10) symmetry restoration:  Πd(S9) = 0 (d =0, …,9)

Z

Z

[Garcia-Etxebarria & Montero (2018),  Wang-Wen-Witten(2018)]

[Wen(2013)]

λ
[
ψT (x)iγ5cdCΓ

aψ(x)
]2

y
[
ψT (x)iγ5cdCΓ

aψ(x)
]
Ea(x)⇔ Ea(x)Ea(x) = 1

 [Morimoto, Furusaki, Mudry (2015)]

Z4 Z4

[Eichten-Preskill(1986)]



d
Cartan 0 1 2 3 4 5 6 7 8 9 10 11 . . .

Complex case:
A Z 0 Z 0 Z 0 Z 0 Z 0 Z 0 . . .
AIII 0 Z 0 Z 0 Z 0 Z 0 Z 0 Z . . .

Real case:
AI Z 0 0 0 2Z 0 Z2 Z2 Z 0 0 0 . . .
BDI Z2 Z 0 0 0 2Z 0 Z2 Z2 Z 0 0 . . .
D Z2 Z2 Z 0 0 0 2Z 0 Z2 Z2 Z 0 . . .
DIII 0 Z2 Z2 Z 0 0 0 2Z 0 Z2 Z2 Z . . .
AII 2Z 0 Z2 Z2 Z 0 0 0 2Z 0 Z2 Z2 . . .
CII 0 2Z 0 Z2 Z2 Z 0 0 0 2Z 0 Z2 . . .
C 0 0 2Z 0 Z2 Z2 Z 0 0 0 2Z 0 . . .
CI 0 0 0 2Z 0 Z2 Z2 Z 0 0 0 2Z . . .

free fermion case (K theory):



Cartan label T C S Hamiltonian G/H (ferm. NLσM)

A (unitary) 0 0 0 U(N ) U(2n)/U(n) × U(n)

AI (orthogonal) +1 0 0 U(N )/O(N ) Sp(2n)/Sp(n) × Sp(n)

AII (symplectic) −1 0 0 U(2N )/Sp(2N ) O(2n)/O(n) × O(n)

AIII (ch. unit.) 0 0 1 U(N + M)/U(N ) × U(M) U(n)

BDI (ch. orth.) +1 +1 1 O(N + M)/O(N ) × O(M) U(2n)/Sp(2n)

CII (ch. sympl.) −1 −1 1 Sp(N + M)/Sp(N ) × Sp(M) U(2n)/O(2n)

D (BdG) 0 +1 0 SO(2N ) O(2n)/U(n)

C (BdG) 0 −1 0 Sp(2N ) Sp(2n)/U(n)

DIII (BdG) −1 +1 1 SO(2N )/U(N ) O(2n)

CI (BdG) +1 −1 1 Sp(2N )/U(N ) Sp(2n)

T : U †
T H∗ UT = +H

C : U †
C H∗ UC = −H

H∗ =HT

S = T · C



d
Cartan 0 1 2 3 4 5 6 7 8 9 10 11 . . .

Complex case:
A Z 0 Z 0 Z 0 Z 0 Z 0 Z 0 . . .
AIII 0 Z 0 Z 0 Z 0 Z 0 Z 0 Z . . .

Real case:
AI Z 0 0 0 2Z 0 Z2 Z2 Z 0 0 0 . . .
BDI Z2 Z 0 0 0 2Z 0 Z2 Z2 Z 0 0 . . .
D Z2 Z2 Z 0 0 0 2Z 0 Z2 Z2 Z 0 . . .
DIII 0 Z2 Z2 Z 0 0 0 2Z 0 Z2 Z2 Z . . .
AII 2Z 0 Z2 Z2 Z 0 0 0 2Z 0 Z2 Z2 . . .
CII 0 2Z 0 Z2 Z2 Z 0 0 0 2Z 0 Z2 . . .
C 0 0 2Z 0 Z2 Z2 Z 0 0 0 2Z 0 . . .
CI 0 0 0 2Z 0 Z2 Z2 Z 0 0 0 2Z . . .

Z8

Z16

Z4

Z× Z

Z8 × Z2

Z2 × Z2 × Z2

interacting case (cobordism):



<—>

Y1 Ȳ2

Z

Y1 ∼ Y2

Y1 and Y2 are bordant

Y1 � Ȳ2
,

[Y1] + [Y2] = [Y1 � Y2]

an abelian group

l



[Garcia-Etxebarria & Montero (2018),  Wang-Wen-Witten(2018)]

X Y

i /DY = iγτ
(

∂

∂τ
+ i /D

′
X

)

γτ = diag (Id,−Id)i /D
′
X =

(
0 i /DX

−i /D
†
X 0

)

exp (2πiηY )

“Dai-Freed anomalies”

Z[A] = det(i /D)

Z[A] =

∫
[Dψ]e−Sfermion(ψ,A)

ηY =
1

2

⎛
⎝∑

λ �=0

sign(λ) + dimker(iDY )

⎞
⎠

reg.

Atiyah-Patodi-Singer (APS) η-invariant



exp(2πi ηY ) = exp(−2πi ηY )

exp(2πi ηY1�Y2
) =

exp(2πi ηY1)

exp(2πi ηY2)

exp(2πi ηY1)

exp(2πi ηY2)
= exp(2πi ηY1�Y2

) = exp(2πi

∫
Z
Id+2) = 1

exp(2πi ηY ) = exp

(
2πi

∫
Z
Â(R) ch(F )

)
= exp

(
2πi

∫
Z
Id+2

)
Ind( /DZ) = ηY +

∫
Z
Â(R) ch(F )

bordism invariant

exp (2πiηY )

APS index theorem

Y1 Ȳ2

Z

Y1 ∼ Y2

Y1 and Y2 are bordant

Y1 � Ȳ2
,

[Y1] + [Y2] = [Y1 � Y2]

an abelian group

l
a group homomorphism from ΩSpin

d+1 (BG) to U(1)

th t t



• Compute ΩSpin
d+1 (BG). If it vanishes, there can be no Dai-Freed anomaly.

• If ΩSpin
d+1 (BG) 	= 0, compute exp(2πi η) : ΩSpin

d+1 (BG) → U(1), typically by explicit com-

putation on convenient generators of the bordism group.

ΩSpin
5 (BSpin(n)) = 0 (for n ≥ 8

ΩSpin
5 (BSU(n)) = 0 for n > 2

“Dai-Freed anomalies”

ΩPin+

4 ≈ ΩSpinZ4
5



X ≡ −2Y + 5(B − L)

SM field SU(3) SU(2) Y B− L X

lcL 1 2 −3 3 21

qcL 3̄ 2 1 −1 -7

lR 1 1 6 −3 -27

uR 3 1 −4 1 13

dR 3 1 2 1 1

νR 1 1 0 −3 -15

H 1 2 3 0 -6

the Z4 group center of Spin(10)

(Spin × Z4)/Z2 (−1)F Z2 subgroup of Z4 are identified

SpinZ4 structure

ΩPin+

4 ≈ ΩSpinZ4
5

For each 4d Weyl fermion with charge 1 modulo 4,

one 3d Pin+ Majorana fermion “DIII classified by 16”Z

[Tachikawa & Yonekura (2018)]

SpinZ4 bundles which contain domain walls

on which 3d Pin+ fermions localize

X = 4k + 1



Dai-Freed theorem on the lattice

boundary contribution
(overlap Weyl fermions) 

  same basis-vector dependence 
=>  same U(1) bundle over U =

{
{U(x, μ)}

∣∣∣ ‖ 1− Uμν(x) ‖< ε ∀(x, μ, ν)
}

connection of the U(1) bundle 

∇η e
−i2πη̂DF(Y|Dir) =

(∫
Y|c1Dir

q(5+1)
)
e−i2πη̂DF(Y|Dir)

q(5+1)(y, s) ≡ ImTr{Ds(Us)U
−1
s (y, μ) J (5)

w (y, μ)|U=Us}
= lim

a6→0
lim

N6→∞
q(6)(z)

∣∣
Y

c1c
−1
2

AP

bulk contribution
(DW|Dir ) 

−iLη =
∑
i

vi(x)
†δηvi(x)

∇η ≡ δη + iLη

∫
Y|c1Dir

q(5+1) ≡
∑

x,t∈c1

q(5+1)(y, s)
∣∣
s=1

[Yonekura (2016)]

cf. [Dai-Freed (1994)]

(Integral of topological field
  on 5+1, 6 dim. lattices)

q(5+1)(y, s)
∣∣
s=1

[Pedersen-YK (2019)]
[YK (2002)]

∇η e
−i2πη̂DF(Y|Dir) =

(∫
Y

∫∫
|c1Dir

q(5+1)
)
e−i2πη̂DF(Y|Dir)

[Aoyama-YK (1999)]

lim
N→∞

detX
(5)
w

∣∣c
Dir.√

detX
(5)
w

∣∣c·c−1

AP



η-invariant on the lattice

η
(5)
Y ≡ 1

2

(∑
λ�=0

sign(λ) + dim ker (i /D(5))
)

i /D
(5)

ψλ = λψλ



APS Index Theorem on the lattice

(−1)I(Z|Dir) = eiπP (Z|cAPS) eiπ
[
η̂′(Y1|AP)− η̂′(Y0|AP)

]

[Pedersen-YK (2019)]

P (Z|c1APS) = lim
N→∞

∑
y,s∈c1

q(6)(z)

cf. [Aoyama-YK (1999)]

I(Z|Dir) = IndexD(6)
ov |Dir

APS Index 

I(Z|Dir) ≡ −1

2
Tr

⎧⎪⎨
⎪⎩

H
(6)
w√

H
(6)
w

2

∣∣∣∣∣∣
Dir

⎫⎪⎬
⎪⎭

(−1)I(Z|Dir) =
detX

(6)
w |Dir∣∣ detX(6)
w |Dir

∣∣

[Kawai, Fukaya et al (2019)]

cf. [Witten (2016)]

APS Index Theorem 
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“Simulating quantum field theory with a quantum computer”

“ • Chiral fermions pose another important challenge.  The standard model is chiral; that 

is, for both quarks and leptons, the massless left-handed and right-handed fermions 

carry different gauge charges. Yet existing methods for formulating fermion theories on 

the lattice always yield nonchiral theories — e.g., if we try to introduce left-handed 

fermions with a specified charge we also get unwanted right-handed particles with the 

same charge.  We’ve been facing this problem for over 40 years, but there is still no 

accepted method for regulating a chiral theory.  That’s embarrassing. ”



“ This long-standing problem may be nearing a resolution,  guided in part by recent 
insights regarding symmetry-protected topological phases of matter.  Two old ideas are: 

(1) To realize a D-dimensional chiral theory on the lattice,  we can introduce an extra 
spatial dimension, so that the left-handed and right-handed fermions live on two 
different D-dimensional edges of a (D + 1)- dimensional bulk [45]. 

 (2) To realize a D-dimensional chiral theory on the lattice, we can introduce strong 
interactions for the express purpose of removing the unwanted right-handed fermions 
(by giving them large masses) while preserving the massless left-handed fermions [46]. 

 It seems likely that (1) and (2) together work more effectively than either (1) or (2) by 
itself [47].  That’s because separating the two edges with a higher-dimensional bulk 
makes it easier to apply the strong interactions to one chirality without affecting the 
other. 

The efficacy of this method still needs to be demonstrated convincingly, but if it works 
that will settle the longstanding open question whether quantum field theories with 
chiral fermions really exist, and will also open the door for classical and quantum studies 
of the rich dynamics of strongly-coupled chiral gauge theories, with potential applications 
to physics beyond the standard model. ”

J. Preskill,e-Print: 1811.10085 [hep-lat],  PoS LATTICE2018 (2018) 024 

“Simulating quantum field theory with a quantum computer”



In view of the fact that “the overlap fermion is nothing but the low energy effective (local & 

lattice) theory for the edge chiral modes of DWF infinitely separated”,  the mirror fermion 

models with overlap fermions (1) and (refined) Eichten-Presskill interaction terms (2) are 

the simplest-possible effective framework to construct & test  CGT on the lattice ! 

Let me add …

cf. [Y.K. (2017)] 



両手の鳴る音は知る。
片手の鳴る音はいかに？
　　　　　　　ー 禅の公案 ー

What is the sound of 
one hand clapping?

“Eventually,  all things merge into one and a river runs through it’’ 

隻手音声


