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Lattice Gauge Theories

TPRIN

+ d dim. Euclidean lattice with the lattice spacing “a”’; xy, = nuya

~ Matter fields on the sites, Gauge fields on the links; Y(x), U(x, 1)
v Y(x) (2, =nya,n, € 7Z)

. U, ()

/

- gauge tr. is defined on the sites
() — g(@)p(z) g(z) € G
Uu(z) — 9(2)Uu(z)g™ (@ + ) Uu(z) €G

- gauge covariant difference ops. can be defined with the Link field

V, (@) = = (Ua(e)( + pa) — $(2))

a



Lattice Gauge Theories
~ the commutator of the covariant diff. ops. gives the field strength of
the gauge link field as plaquette variables
(Vs VoJuo(@) = (1= Un(a) ) Uy (@)U (@ + )iz + jia + 7a)
Un(z) = Uu(2)U,(z + pia)U,(z + Da) " U, (2) !

- Gauge field action can be defined with the plaquette variables [Wilson(1974) ]

Se = g% > ReTr (1 - Un(x))

T v
- Path integral can be defined with the group invariant measure

DlUu(x)] = H AU, (x)

 Gauge invariance is maintained exactly

+ Continuum limit is defined near a 2nd order critical point

. 1

mphys a

1
/" 00 mphys<<A:a (/" o0)

* The universal scaling property at the 2nd order PT gives a non-

perturbative renormalization procedure.
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Lattice Fermions, Species doubling problem
» Fermion fields on the lattice suffer from the species doubling problem

* Dirac eq.

3
H = Zak——Jrﬁm —> Hiar = Z@k% (8k —a;;) +Bm
k=1

1 0T

(e, 1) = (V@ +ka,t) — v(,1)) a

* Eigenvalue of Hia

1 5 T T
Z—Q sin?(pra) +m?,  p1,p2,ps € {_E’E}

* Species doubling

pkzﬂ/a,+qk’ |qk‘<<7T/a /\/\/

ag sin(pra) ~ (—og)qr

Y5 = ( )CklOéQOég = (_1)n X (—i)OélOéQOég



Lattice Fermions, Species doubling problem

- Nielsen-Ninomiya theorem states that it is a general & inevitable result
[Nielsen-Ninomiya(1981)]

H = [dpy*(p)Ki(p)(p) [D.Friedan(1982)]
K(p) is an N x N hermitian matrix Dyé(p), v (@) ], =0,
which depends smoothly on p Lé(p), v ) 1 . = o5o(p — q).

(1) 1t is quadratic in the fields;

(2) 1t 1s invariant under change of the phase of the fields;

(3) it is invariant under translations of the (cubic) lattice; and

(4) 1t 1s local, specifically in the sense that it is continuous in momentum space.

- (p T pa)il—'?‘ 0 :
UKU i(p)m( ' K ,(0) has only nonzero eigenvalues
0 lKa(p ‘_ paz)
s+ 15y =24, an N,-dimensional representation of the Clifford algebra on d generators
( _ i)(d —1})/2

F%"‘ — Sil..‘idrg,oc.“ F%,a IQ,oc = D@12 ¢y (Fg,a)

d!

I,= ZIQ,a =0

/4




v(p) - TPy () T(p)is unitary
irreducible representation Q

Po(@¥o) =¥  Pyp) should depend smoothly on p

[K(p),Py(p)] =0

S(p) = Po(P)O(K (p) — p°)

d—1 o
jolp) = "d(~—2~—) E(Zni)(d"””z] gh-atr (g, S...0, SHP)

(P1) 0,j5(p) =0, ie. chiral charge is conserved.
(P2) j%(p) vanishes away from the spectrum of K;
(P3) j%(p) depends only on the spectral projection of K near p;

(P4) .]?2(05 p) = Z 6(.p - pa)IQ.m

I,={dpj©,p)



Lattice Fermions, Species doubling problem

- Nielsen-Ninomiya theorem states that it is a general & inevitable result
[Nielsen-Ninomiya(1981)]

_ Tl dhke - [Karsten (1981)’
S =g €T xTr) = —k k k -
;M ) D () /_W/a (2m)* v(=k) Dk) ¥ () [Luscher (1998)

D(k) is a periodic and analytic function of momentum

D(k) oc ik, for |k,| < 7/a

l.

2.

3. D(k) is invertible for all k,, except k, =0
4. vsD(k)+ D(k)ys = 0

smoothness, analyticity & locality :

8kl Zem iz)'D(z) <oo = ||D(z)|| < Ce @

example :

D(k) = ine™/? 25in(p,, /2)




~

D(k) = v, PriF D (k) + 7, PoiF {7 (k) T3 EORY ML
FP (kg =0 F7 (kg ) =0

det {9, F{ (ko) | det {0, F{7 (k=) |

b= det{c‘?yFﬁ)(k%)H : k=k— ‘det{a”F’“(L _)(ka_)H

k=k%+

RIVAL-Iky TEELD
Vi (k) T3 LD ML

V(k*)=0  FIZLEAR a=1,--




Lattice Fermions

© Wilson term resolves the degeneracy of doublers, but breaks chiral symm.

— a* Z D(z (”m ; - Vi) +H g (V. V) + m0> ()

2 ’ 2
mO—I—Z (—Sin—) f:mo—k;n n = numbers of

+ Kogut-Suskind single-component fermion can form four-component Dirac

fermions, but with four flavors, on the blocked-lattice

1 . .
Sks = 5 0u(n) X(n) [x(n+ 1) — x(n — 1)
n ﬁu(n) _ (_1>n1+...+nu—1 T 1 T(n)’yMTT(n + ﬂ) — 77p(”> T

n, =2, + p, T(n) =" v2%v3%y"
1 k%
Sks = Zw [ (Y ® 1) (8 = 0u') = 5 (95 ©7,75)0u0," | Y (=)

Y(a) — 07 ()
P(x) = P(a) 0O



Positivity — Partition function, Transfer-matrix, Functional determinant
Zw = / DDy e~ W

N /H & () dip(z) e =" La $@)(Dwtmo)i(@) = Det(Dy + mo)

1 T - Al 1
- [Mwwae=n g () o (5)d
t
H TW(th—I—layTt—l—l;mt?yl‘,) TW<$T17yT1;$anO)
To=—TT,Yyo=—"YT

t=T-1,1

1
1— /2
= Det <1+ HTt> ][ Det(PyB, +P_)  T= 1+7-{,§2
t

1
H= aOfYO(DS)) + mO) (3)
a=1 1—|—6L0(Dw —|—m0)/2
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_ ot 1 1 T
T 41 VBiia Cit1 \/§t+1y t4+1

Tw (x" i1,y 520, 0) = @

T 1 1 1 1 t
— —x -
e ( t+i \/Et—kl V' By t Tyt V' By \/§t+1y t—l—l)

_yt \/1§ Ct \/% I
€ t ¢ det \/Et det \/Et—l—l

= (21| Tw |z, y)

I — / dat dytdrdy e @ = V) |1 o) (2T yT)
Tw (Uss1,Us) = Te(Up) TR (Uy)

TF(Ut) — e_XT%<1_PYO)CXe_XT In \/Etx det Bg./él

-(7) K=y



KAU,U)=T;(U)- TE(U)-SU, U)- T(U")- THU)

To(U)=exp(2go) %> > Tr{U(n,jUm+1j))U" (n+7,0)U " (n,j))}

n i+j=1,2,3

S(U,U)=exp3go°), 2. {Tr[Um)U " (n,j)]+Tr[U'(m, U™ (m, )1}

n j=1,2,3

Proposition 1. a) T is a selfadjoint, bounded operator in A
b) It is gauge invariant under the restricted class of gauge transformations
discussed in the preceding paragraph.
¢} It is strictly positive, i.e. all its eigenvalues are larger than zero.



Se = Z > —Tl"{ U)(1 = Up)}

— Z%: 7 Tr{2 — Uy (T, x)Uk(T +1,2) — U,]:(T, 2)Up(T+ 1,2)}
‘I‘Z%: —Tr{ ]. — Ukl)(l — Uk:l) }(7’, .73)

To(U,U') = ¢ 2o 2 R (GG
DD IS i LRI O
o 2 Y 7z AU -V T}
e D Dk “%Tr{(l_Ukl)(l_Ukzl)T} >
— 20 2 t
[IIIe * > d. L. (2N./g*) Tr{TU"} x
r Lk T
e D e 2 %%Tr{(l_UI/cl)(l_Ullcl)T}.

e—g%Tl"{Q—U—UT} _ _% Zd Lr (2N6/92> TTT{U}

— 4 {1—cos0} _ o ZI (1/92) om0



functions f on the gauge group G=SU(N)

[dUaU fx(Uyexpsgo *{Te(U™ U+ Tr(U™1U) T} f(U)>0

exp3go ATrV+TrV = > ¢ yV(V) (V=U"'U)

vels

o0
cv = Z anmcv(na m)
nm=10

exp3gs ATeV+TrV = Y a, (TrV)(TrVym,

nm=0

> ()

aﬂm

(TrVY(TeV )=} c,n,mpy(V)

-

vels

the number of times the irreducible representation v

c, are all positive.
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W B O [ B0
T\ —c -1 ) o\ —oBt -1 )
oy = By 0 =«
N — —CN +1 - NfYOv
(-1 G [ -10B7!
Bt_ 0 Bt>, 6)5 (O Bt_l )
;o +1 Cl - B
=1, B1> = B1(—),

N-1
det Dy = det {04\7 +On(—ays)By-1- (—041_1)51} H det
i=1

N
= det {Oéﬁfloéﬁv — (—ay)Bn(—ayt )Bn-1- - (—041_1)5151_151} ][ det e
=1

N
1—Hn/21—Hn_1/2 1—%1/2) }
= det{ (1 - det ov;

© {( T T i 2T Hy 12 T H2) g e

1—Hq/2
1+ H /2

Bi(—aih) = [(2 + aoD3w )0l (1 — He/2) 1+ 7—275—1/2 [(2+ CL0Dl3w)70]t—1

1
2 + ag D3y

H/2 = yoa0 D3y



—1/2 _ 1/2
Tr = B, / [515(_0%—11)]31511

_ 1 1 1/2
— B Y22 4 apDs, 1—H,/2 BY
t [( 0 3 )/YO]t( t/ )1 —|_ Ht_1/2 [(2 _|_ a0D3w>’YO]t—1 t 1

1
].‘i‘CLO(DrSE)) +m0)/2

H = agyo (D) +mo)

_ 1 1 1/2
Tr(A) = B Y2[(2 + agDay 1 — AHM,/2 B
r(A) ¢ 12+ a0Dsw )0l tf )1+AHt—1/2 (2 + aoDsw)Y0)i—1 7!



Lattice QCD at finite temperature and Baryon density
ZB,u] = Tre” BH—pN) B = Ngag

LBy pt] = /D ] —SaU]=Sw [¢,,u]

Sw = > (r,z)Dwi(r, x)

1 1
Eat[ﬁ, :u] — _E In Zlat[ﬁa :u] = C()?,U + Cll&g —+ .-
Uy(1,x) = Uy(1,x)e™* co =0 [Hasenfratz and Karsch]
p=70 D&, = 5 Dws det Dy € R

e DY, # 45 Dyws det Dyy € C  {det Dy ()}* = {det Dy (—p)}



Xou(m) = X(n), Xha(m) = 5 X(nmi(n) W(n) = mmm(n)  f(n+ ) = —i(n)

Zbcm N)Xpur1 (1) + X, (R)XE, 1 ()} Y3 ()X, () + ¢l (n)e,, 1 (n)}
+ Z %:{XM n)X,, (n+ k) + x5, (n+ k)nj(n)x,, (n)}
I= / [T [deh,den,| TT 6(n,(n) = Xh, ()31, (R) = X, (n)) 5(ph,(n) = X, () = (], (n) = x,,, (M)

Xngt1: Prat1) _expz{ 1) Xnse1(10 >+¢*<n>wn4+l<n>}|o>,

orepo{ n) + ol (n)p(n)} .

{X(n), X'(n)} = 0w, {&(n), $'(N)} = 0nw

(Xt el

I= / [dedeH] [dsOLdsonm}

X exp {— Z[XL4(R)Xn4+1(n) + 90114(n)90n4+1(n)]}

n

Xng+1 90n4+1> <XIL47 90114

< exp {_g S [en + By (m)x(n) + G (n)i(n + '%ﬂ}

Tr is hermitian, but not positive definite. The Hamiltonian follows (7x)?



Chiral property of Wilson-Dirac fermions
- Axial Ward-Takahashi identity
. Lattice perturbation theory

e Self-energy correction

e Chiral anomaly

+ Aoki Phase
+ (Topology, Index theorem)



-+ Axial Ward-Takahashi identity

(0) = % / DUDID ¢~ (SclU+5w .50

b(x) = (@) +ivsa(z)P(e)
Y(z) = ¥(@) + ¥(@)ivsa(z)

baSw = a* > {io(z) I @) + ia(x) ] (z)}

(D) vy (T + 1) + (@ + @)y 759 ()]

(@) V.V (@) + 9V, VT (@) - d(@)] 4+ 2mo(x) v (a)



[Karsten, Smit (1981) ]

© Lattice perturbation theory [Kawai, Nakayama, Seo (1981) ]

21 Jusm, | = / DUDYDp e~ (56 [U+Sw [¥:9.U]) o At i-vot-m)

oo . l 4 ' A 4
U =3 Y g @ Ao = [ Gt A e = [ G

w = / (;ZWZ)?zl ¥ (p)Dywo(p)i(p) + ; v

Duo(p) = 7 sin(pua) + = 3 [1 — cos(p,a)] +mo

v<l>—H/ 0””/ w<q>[(“;!g)< 00 Do+ 3 Kaf2) | 909) A (0) A ()

cwlgl)(k,p) =y, cos(p+ k/2)a —risin(p+ k/2)a
(
o

av'® (k1 ko, p) = yuisin(p + ki /2 4 k2 /2)a — rcos(p + k1 /2 + k2 /2)a



: : [Karsten, Smit (1981) ]
Lattice perturbation theory Kawai, Nakayama, Seo (1981) ]

1
So=— ¥ Tr(1—=U,n) Unir =UnuU v Ui, U,

80 np,v

—%a:; Z {Jn(/\ qYu)Unu¢n+ﬁ + Jn%—,&,(/\ + 'Yu.)U:u.dfn _"2A'~;n¢n}

U,,. =exp (igoaA,.T") Ulp+6¢)=U(d)1+i8¢p “Ep()T")
=(1+ib¢ Epa(P)THU (&)
BA;L, = 1 {Ea (80aA,,.)80, — Epa (g0aA . )0wh .z} e®_1
god Eab(¢)=( 4 )
l¢ ab

2(1—~cos goa/i,m)

1/2

Smeasure = —3 ¥, Trln = [dUJ=(det gas) " [ dop”
T (gOaAnu.) . a .
gap dop“ dop” =Tr (dU dU ")

5 5 8ar 46 dop” = Tr {U(¢)i d¢“Eac($) T (~i dd")Epa(6) T U ' (¢)}

a 1 t a b

Sgauge fixing — i; Z {2 (A fl.p, - Az—ﬁ,u)} =§E“(¢)Ejb(¢) dé” dé

n f7s _ 1—COS¢ a b

=(—577)  ds° 4o,

Sep=a’ Y Gol{Ea (80aA .. )ch —Epa (80aA . )Chv 2}
n,u

~{E 2 (80aA n—pu)C o — Eva (0aA n—z.)cn}]

=—a’ Y (G5 —C){Eam (g80aA,.)ch —Epa (g0aA,.)ch iz}

n,“
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Gluon Propagator
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Ghost Propagator
1
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k

a,u

Y e 42
%—%’J"sm kya +5Aadk

Quark Propagator

igf,bc’q‘ costq,a)

b,v

Ghost — Gluon

Vertex

6ab

‘_12' 92 a2( fadefbce + facefbde )%,ﬁ,ﬁ;

-ig{zcosy(p+q)a

- Liralp+al, (T,

1
_EQZaoﬂ,,{Acoslz-(p+q)“a

- sarﬁm ! {Ta'Tb}c

rof—

d

Quark— Gluon Vertex

i gfabc { PN r—q)ﬂcoslzpva

(p —T),cos%q,a

+ &,

+ Gpv q —pAcos-%r#a }

3—Gluon Vertex

see the text

4—Gluon Vertex
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(z) + J4(z)) O) + (6,0) =0

a b C
d e f

Fig. 6. A Ward identity for the axial vector current.
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~ Chiral anomaly
<JA(:I:)Au(y1)Au(C92)> D,uy(n,q)A =R+9 + % + ﬂ+@ + m
N
(a) (b) (c) (d)

Df,f,,(p, q)= —2g2 L Tr {iy5a”1[J%(al +aq)+M(al —ap)]

XS(U=p)V.ll=p, DSV, (L, 1 +q)S(l +q)}

Df;,(p, CI)IM=MC = z'gzgwagpaqﬁm J cos [, cos /, cos [,
{

y [#Z(1) cos Iz —4rtt(]) sin® 1]
(2 (1) +sin® [T ’

M(ak)=r) (1—cos ak,)

MZ cos lg —ArM.sin® Iy = cos Iz (ME +4 sin” Ig)
3
+ (M2 +sin? [)’ sin zﬁgl—wi +sin” /)72
s

2

‘ : g
——ID:?,,(p, q)|M=Mc = *?EuvaBpaQB



€ uapPAgpC (A)

c) = 1627 J‘ d*k [cos k, cos k, cos ky cos k,(4 sin” k, —Y_ sin’ k,)
&) e (X, sin” k, +4A (T, sin” [2ko )P
N d cos k,, cos k, cos k, sin k,, ]
ok, {L, sin” k, +4A*(%,, sin” [k, 1)1

D D - 2
d“k cosk, cos k, cos k) cosk, )  _ssin” k,

em® 3. sin” k., +4A 2(20 sin” 5k, 1)}

c(A)=lim 16g2J

2

4
27?




- Self-energy correction

S(p)=3"(p)+2®(p),

59(p) = g L Vo (p, 14 p)SU+p) V(I +p, p)D(])

52 =L 2(N2_1)/N
Z‘b)(p)=ézj Vo (p, p)D (D), g =28’ U

!

Mky=aM —rd cosk,=am+rY (1—cos k,)—adém

S'(p) '=M—4ra+p+3(p)

aM,=4r~g*o(r)+0(g")

(r) = rJ‘ sin® [ +2 sin” 3l[cos” [+ (1 —r*) sin® 3]
RS [(2r sin® 31)* +sin” [14 sin® 3!



3(p)=Zo(p>)+p.(p?)

So(p?) = Za[m —8m +Zo(p?)]

$1(p*)=Z:[1+3,(p?)]

_2[(1“6')

Z=1+¢"| — 2lna2y,2—0'3(r)+C],
i

om = gzcr](r)a_l-k m(l—-2,),

2 2
In a

Zm =1—(Zz—1)+g2[ ‘47; —0'2(r)+C']+O(g4)




= Aoki Phase
Ni=2 Lattice QCD with Wilson fermions

No exact chiral symmetry  chiral limit ?

My

/ M2, = M2,

chiral limit ?




- Aoki Phase

. . _ _ [S.Aoki (1984) ]
Ni=2 Lattice QCD with Wilson fermions

No exact chiral symmetry Exact Parity, Flavor symmetries

Mrn —> 0 as mo —> mc(g) SSB (pivsm 1)) # 0

92

(isT3 ) = 0

chiral limit ?




(iysTp) # 0 b
) 7 (Yivsm ) =0




Ginsparg-Wilson relation
-~ Ginsparg-Wilson relation defines the chiral limit of lattice fermion action
v D+ DMy = 20750,y
* Low energy effective lattice action at IR fixed point of block spin tr.
[Ginsparg-Wilson(1982)]
* Exact chiral symmetry emerges [Luscher (1999)]
S =0 Sath(w) = iays(1—2aD)p(a), Sath(x) = ia(a)ys



Block-spin transformation Ginsparg-Wilson(1982)

L]
, ) — 2 .
LT L] DT b ven < 249,;2(;/)“)

' =nad

LT

’)/5D*_1 + D*_l’75 = —CL’)/55xy GW rel.



Block spin transformation for Wilson-Dirac fermions (L: (L: (L:
B, ={x € Zd‘:c =o'+ f,p=1,---,d}, 2’ € (2Z)* E' E' E' }b(-r’)
ST — [ DDy Dy D o SV L

e @ @) 4 (@) (@ ()= fr Caep, ¥(@) 40 @) (& @) =31 Taep, ¥()) |

W In(@).a)] 7 _ / DD = SH@B@] o= E { @)@ @) |

W' (@), (@) — JWin(x),n(z)] % @2 a7 (x")n' (')

n(@),7(@) = 5q' (x'), 557 ('), 2E By

W), (@) — o= 25, 1@ Dw = (z,y)n(y)



Fixed point theory D* (Dirac fermion)

o [1(@)71(@)] _ o= 3, ()

b =22
dk

Dy~ (z,y)n(y)

D*_l(@“a y) = / m e/hle=v) {—ivuau(k) + R},

ky + 2ml,

= SO ()

lezd v

ky, +2ml,)%’



Overlap Dirac operator

. overalp Dirac operator is a local, gauge-covariant solution to G-W rel.
[Neuberger (1998)]

1 1
D=— (14 X—— X =aDy —mgy, X' =~5X

2&( + \/ﬂ)’ a mo Y55
1

a
Dy = =5 (Vi = Vi) + §V/NL
* Low energy effective lattice action of 4+1 dim. DWV fermion
* Index theorem holds true on the lattice (at a finite lattice spacing “a”)

* Reflection positivity is satisfied (in the free fermion limit at least)



Locality of overlap Dirac operator

D= 1+ Hw
2% Y5 TIV?V

» Locality
1. IfO<a<H2<B

HEV e th+t2 = K Yo 1Pi(2)

B4+a— 2H2 _ B«
B—a COSh@ 54' ,

_ a0 _ 4t
[=¢e , K — B_—C\f

Z =

— _t exp{—0|x — y|/2}

1
‘ \/H—%(x,y)

2. If|[1—Ug || < e,e< 5 (admissibility condition)
H2 = (aD,, — 1)(aDy, — 1)T > 1 —-30e > 0
cf. in the continuum limit

(ay,D, — ) (ay,D, — 1) =1 —a*D,)? — ia*bedF,,



aVup(r) = Ulz,p)o(x+ i) — o(z),
a’V,Vyud(z) = Uz, v) (Ulr + o, m)o(z + o+ 0) — ¢z +0)) — (U(z, oz + 1) — ¢(2))
a* [V, Vi o(z) = (U, ))U(x + p,v) = Uz, v)U(z + 0, 1)} d(z + fr + 1)
= —{1-Ulz,)U(x+ g, v)U(x+ 0, p) ' U(z,v)""} ¥
Uz, v)U(x 4+ 0, 1u)o(x + o+ D)

Therefore

|1= U, U + o, )U(@ + 0, p) " U, v) < e = [ a2 [V,, V] < e



For mg =1, H2 = (aD,, — 1)'(aD,, — 1) is evaluated as follows:

1
(aDy — 1)1 (aDy = 1) =1+ > {Bu +Cu + Dy}
pFV

B, = d'ViV,ViV,=d'ViViV,V, —d’V:[V,, V- V,]
1

Chw :-?%ﬂ2W?+vmv;+v4
Dy = =7 [Vi+V,,V,-V,]

1
’Hy > 1=23 |-’V [V,.V; = V.]|

pFv
_Z Z H §ZO-I~WGJ2 [vu + vl“ vl/ + vl/] H _Z Z H _’Y,uaz [vu + v/m vy - vu] ”
p#v pFv

—111222 111241124—1 30
= 1 642 64 €= €

cf. (in the continuum limit)

(ay,D, — 1) (a7, D, — 1) = 1—a*(D,)?* -




Index theorem on the lattice

Eigenvalue distribution : 7
Zeromodes: Dy =10 Imia) o (
AN
/75?#0 - :|:?7b0 05 | \\“-...,.. L R
. Dyspo = (—vs5D + 2aDys D)1y = 0 |
Index(D) =ny —n_ Re()
Topological charge = spectral flow of H, |
= chiral anomaly N \
(Jacobian of the chiral tr.) 1 N\ ¢ /
1 HW EHE
“ 2r{fﬂa} Pl = ab) PV
(—2 < —mypa < 0) '
Index theorem :

Index(D) = Trvys(1 — aD)(x,x)  mmrtsa—sm



Overlap Dirac operator is normal and satisfies the y5s-conjugate relation:
D+ D' =2aD'D = 2aDD' (normal), D' = ~v5D~; (ys-conjugate)
1. Show that the eivenvalues of D,

Dipy = My,

distribute on the circle with the radius 1/2a and centered at (1/2a, 0) in the two-dimensional
complex plane.
2. Show that the eivenvalues of D are classified into three groups as follows:

A=0:  ya(z) ==Ld\(z) ns
A=1/a:  iha(@) =ta(z) Ny

A#0,1/a:  pair-wise { i*_iﬁ;; "

3. Prove the index theorem on the lattice

Tr{ys(1 —aD)} =ny —n_




1. For an eigenvalue A and an eivenvector 1, (x) belonging to it,

D px(x) = Apa(z),

one has

a* Y ol (x) {D+ D' —2aD'D} by (x) = (A+ X" = 2aA"N) (5, ¥05) =0

Then one can show

A+ N —2a\\ = (—2a) [(A = 1/2a)(\ — 1/2a)" — (1/2a)*] =0

ah
_/




2. (a) A=0
Suppose 1, belongs to the zero eigenvalue, D1, = 0. Then

D (vs95) = {—5D + 2aDvsD} 1 = 0.

This implies that ¢, can be made to be chiral

D(l—;%>@m—0 or D(1_275>¢)\—0

(b) A=1/a
Suppose 1, belongs to the eigenvalue 1/a, Dy = (1/a)yy. Then

(D = 1/a) (35t) = {—75(D — 1/a) +2a(D — 1/a)35(D — 1/a)} v = 0.

This implies that ¢, can be made to be chiral

(D —1/a) (12%) dr=0 or (D—1/a) (1 _75> Uy =0

(c) A#0,1/a
Suppose ¥, belongs to the eigenvalue A # 0,1/a, Dy, = Ap,. Since D is
normal, @DT\D = Awi. Then

;
D (v51) = v Dhy = 73 (/W;) = A" (v59)



> s —aDypy = > lysa—a Y Aplysin
A

A=0,1/a A=1/a
= (ny—n_)+ Ny —N_) = (N —N_)

E— 'n/_|_—'n/_



Locality, Topology of lattice gauge fields, Admissibility condition

V5D + Dvys = 2aDvys D
5a¢(x) =1 75(1 o 2&D)¢<ZC>, 5@&(37) — ZO&@Z(CB)’)%

Locality of D = GW rel. — Index of D
V5D + D5 = 2DvysD U
_ Index theorem
f Local chiral anomaly 5 the Iattice

> .. —tryD(x, )
5 L mn

Admissibility cond. —, Topological structure _, Topological charge
11— Un(@)| < e of lattice gauge fields Q=—5>,trD

— Mass gap of 4+1 dim. Domain-wall fermions (w/o bdy)



Weyl Fermion on the lattice (cf. NN theorem)

= Overlap Weyl fermions

) . 1+4 1+
5 =75(1 — 2aD) 45" =1 Pi:( 2%>’ Pi:( 2%>

Y5+ () = £ Y4 (x), Vi (x)ys = Fo+(7)

~ Path integral measure and Chiral determinant

vo@) =S w@e b= ane @) [ule) =) (=1 N}
z@': i {vs(2) | B:i(x)ys = +0s(x) (i=1,--- ,N_)}

A= /Hdcinéj e~ 2oij CiMjici :dethi
i ]

sz' — CL4 Z ’UjD’UZ'(ZC)
z [Narayanan-Neuberger (1993)]

(N_ x N_ rectangular matrix)



+ Gauge anomaly of overlap Weyl fermion
U= {{U@m}| 11 = U (@) < e (2. ,0) }

O c Y[Q] vi(x) = v (z) (Q_l)h-, Cj = Z Qjicy
[
D[’QD_] — D[’QD_] det Q det Mji — det Mji det O

onU(z, p) = ian,(z) U(x, p)
0y Indet Mj; = Tr{6,DP_D7'P} +> (v;,6,v;)
= iTrwys (1= D) =i Y (0,600;)  nu(z) = —iV,w(@)

{T5(1-aD)(x,x)} 2% 1o 0%0e,.,0F, (X)FS, (x)+O(a)  gauge anomaly!

> d®e =" 2iu{TATPTC + T°T?]}
R R

- Determinant line bundle over I

0 nOb W(z) =) vf@)r(a—=b)y  gw =detT(a = b)
l - _
0% (x) = vf ()R, Jab = det hy gap det by !

1

O N O N O° Gac = Gab Gbe



Derive the Weyl fermion propergator

Wr(2)dr(y))r = PLD ™' Py

By performing the grassman number integration over c¢;, ¢, one obtains

(r(x) ¥r(y))r = Z’Uz'(fl?) (M), o(y), My; = (0, Dvy).

Noting

one can show

> (vxDuy) (v Do)

)

— 5, DP D75 = 5, PRDD 5 = 6y,

which implies



Then one obtains

(Wr(x)Yr(y))r = sz‘(l“) (M) o)
— Zvi(ﬂﬁ)Ui(x)TD_lﬂk(f)T@k(w
— JéLD—lpR.



Chiral fermion bound to domain-wall & Anomaly inflow

Callan-Harvey (1985)

> x5 =ta
F—0 5 5

5 dim. fermion coupled to Domain-wall chiral mode bound to Domain-wall

{ivu Dy + 17505 — moe(zs) p(z, x5) = 0

V(z,z5) = ysmpd(xr;) — wolz, x5) ~ _(z) oMol

5 dim.Wilson fermion coupled to Domain-wall Kaplan(1992)

_ 1 — 1+
Spw :a4;¢(:v,t) {a5DW— 275(975— 275

Ot — mg G(t + 1,/2,)} Y(z, 1)
5 dim.Wilson fermion -> Chern-Simons term

-> anomaly inflow Kaplan-Jansen-Golterman (1993)



. . m
77 = lim lim Tm In det (D5W(T) - —0) of. [Aoyama-YK (1999)]

a5—0 T —o00 a
d 1 d 1
— 7 [U,(z, t; = lim lim —ImTry —D
dg Vel tiw)] =l T Ty 2 Dow(eo) B
1 d 1
—Im Tr, P, —D —.
+7r e Ydu” D
Ist term in RH.S. = li d* det ! wl L4, Py F t;
st term in R. D= T T v EWMNK LIy 2 A FMN KL (@, t;u)
o= af Th o intsxTe {(005718) (95515 x
5] . (27‘(‘)5 MNIJK M N
(01S718) (0,571S) (0kS™'S)} (k)
i
T B

T2n—|—1 s S2n—|—1

5%

k

ST k)= <mM sin kas + 2 sin? 7M> —mo  (0<mg < 2)
M=1

Chern-Simons term induced by Wilson-Dirac fermion in 2n+1 dim.

[H. So (1984), Coste-Luscher (1989)]



d in-wall fermion [Kaplan(1992)] [Shamir(1993)]
Lattice domain-

T a T
Dy = _7u§(vu = V) + 2VHVM



det Xéf) Ipir, = det D, det Xéf) ap (N — o)



© Master relations for d=2n+1, 2n+2 lattice domain wall fermions

det X([5y = det (P + P, [] 1)

t€ecy

det X(D[1° = det (1+ 1] Tt)

t€c cy

 l—aqHy/2  d=2n+1
1+ agH; /2

t

d=2n -+ 2




det (Dsy — mo)[mr] = det Dy - det (D5, — mO)[AP]

1 NH
Dy = — ( 1+ 75 tanh 45
2a 2

1
H=——InT
as

1 1
T = ( B 1 §a25CT’1 )
—0,50 B B+a50 EC

B, -C
B =1+ as(By —my), Dw:(cT _34)



Evaluation of det (Dg,w—%) (a5 =a=1)
D5y, — my
= (Dy—mo+1)0, — Préi1,s — Proy st
B C 0 0 +1 0
(—CTB {0 —1} {0 0
-1 0 B C 0 0
0ol (es) [0 4]
-1 0 B C [0 0
- {0 0} (—CTB) 0 —1 |
-1 0 B C 0 0
0ol (e s) [04)
0 0 [ —1 0] B C
{0 +1} 0 0 <—CTB
C B 0 0] 0 +1
(B—C’T> -1 0 {0 o}
0 —1 C B 0 0
o] (5 ) [
[0 —1 ] C B 0 0
0 0 (B—O‘f) -1 0
] 0 —1 C B 0 0
R
0 0 0 —1 C B
o] ool (5 %)
B 0 +1 C
<—CT —1 {0 B}
-1 C B 0
I B
-1 C B 0
[0 B] (—CT -1
-1 C B 0
I I
-1 C B 0
[o B} (—CT +1>

|

)




Set

Ot

o
Il
7 N\
Sy
=
—_
N———
&y
Il

on(28) #e]

Then
Q By Q
B« : 5
D5y —my = S’ =1 -
b «
- B oax
where

—aV;
—BVi —aVs
—BVy — aVs
—BVs —aVj

—BVy 4+ ax(1 —Vs)



Now one can evaluate the determinant:

det (Dsyw —mo)yy = {deta}” 'detaxdet(l— Vy)

where N
Vy =ay'a-{-a™ '8} - 878y
1 1
—alg = < B B ) —T=¢H
11 By CTLlC
. 1 0
o Ay — (0 —X)
_ -Y 0
o = (o))

For Dirichlet b.c. and Anti-Periodic b.c., respectively, one obtains

det (Dsyw —mo) = {det(P, + PgB)}" - det s - det(Pg + P,TV)

det (Dsy —mo) 1p = {det(Pp + PrB)}" - det s - det(1 + TV)

(1 +~5tanh(NH/2)) = Dy

N | —

Pr+ PTV 1 1-TNY
1+ TN 2 O



Block spin transformation & Extra dimensions/ d+1 Domain-wall fermion

Block spin trans. Domain wall fermion
=Integration of high energy modes =Integration of heavy modes
Y Y

Local low energy effective action
S =3, (z)Di(z)
U
Ginsparg-Wilson rel.
V5D + Dy = 2a DD
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Hamiltonian Approach to Lattice Gauge Theory Kogut-Susskind (1975)

H=H;+ Hp
7 3 3.
Hg=a*)_ 0} Y > Ei@)Ei(@)+ ) 2—g2Tr(1 — Upt(2)) (1 = Upa ()T
xel3 k=1 a k,l=1
Hp = a® Z W1 ()0 (D + mo)(x) D = D(3) Dl(;;),D(S)
rel3
)

i) = {T*Us@)}s 5157

B (@) AU W)}y | = +H{TUR@)} Ok by,

B @), UG 0)},] = — U @Y G by

[W(x), ¥ ()] = 6y

G(z) = (V" Ep)* (2) — ¥ (2)T"%()



Se = ZZ —TI‘{ Ua)(1 = Up)}

_ ZE,; 7 Tr{2 — Uy (T, x)Uk( +1,x) — U,I(T, r)Up(T+ 1,2)}
+Z% 7TI‘{(1 — Ukl)(l — Ukl) }(7’, Sl?)

Ta(UU)=e e D ap OV 0V}
DDA g%Tr{2—UkU,’€T—U]’€U]1 »
o 20 o 3 AU -UL) T}
o SO ﬁTr{(l—Ukl)(l—Ukl)T}
HHe ra Zd L, (2N./g%) Tr, {UUL"} x
e—zm Y gz T -V -V T

e—g%Tr{Q—U—UT} _ 6—9—2‘3 Z Cl Lr (QNC/Q2> TI‘T{U} Lr(4/92) N e_*%CQ(T) (g N ())

{1 COSQ} — e 2 Z[ (1/92> ez’m@ [m(1/92)—>e_%m2 (g —0)



—1/2 _ 1/2
Tr = B, / [515(_0%—11)]31511

_ 1 1 1/2
— B Y22 4 apDs, 1—H,/2 BY
t [( 0 3 )/YO]t( t/ )1 —|_ Ht_1/2 [(2 _|_ a0D3w>’YO]t—1 t 1

1
].‘i‘CLO(DrSE)) +m0)/2

H = agyo (D) +mo)

_ 1 1 1/2
Tr(A) = B Y2[(2 + agDay 1 — AHM,/2 B
r(A) ¢ 12+ a0Dsw )0l tf )1+AHt—1/2 (2 + aoDsw)Y0)i—1 7!



Unitary Discrete Chiral Symmetry of Hamiltonian formalism in |+1 dim.

— 0 term & counter terms

|+1 dim. Schwinger model in Staggered fermion “representation”

g*a’ 0\> 1 . i _ ;
Hgg. = Z 9 Ly + owm ] Z<_1) XnXn ¢ — Z 5 ( nUnXnt1 — Xn-l-lUan)

n

Xn — X;z = UnXn+1

T = T = XUl [Dempsey, Klebanov, Pufu, Zan 2023)]

|+1 dim. Schwinger model in Wilson(Overlap)-Dirac fermion “representation”

2
Ho(g,0) = Z 5 (El —W> -I—z:?/JT )0 Db (x

x

[Fuijii. Fujikura, Okuda,
2
Hog.6) =S L { (El(x) i %) [w(x 1) (1 71) o+ 1) — 1] Pedersen, YK.(2024)]

2 2

ey (S5 v -},

x / _rr— _ 1 —~
() — ( Qe ) o) > (@) = U = {1+ (15 i)Dl}wx)
U(z) = () = U@ = U (@) + ).

x

D) = Dy, /2 =1 {1 + (1 _71) vl} = 75(1 — DY) +iyg DY



Chiral Symmetry in the Wilson(Overlap)-Dirac fermion representation

Qs = vl s (1 - %) W(o).

(). Q3] = 7 (1 5 ) vla).
[HW7Q5] =0,

Discrete Chiral Symmetry in the Wilson(Overlap)-Dirac fermion representation

P(@) = (@) = U @)U = {1 " (1 ‘271) Dl} e

i ()0
i

i e (52 o (52) )
()i (2]
ot () o (7)ot

DT><D1 —D, — D)),

-
£

U
(%

U — o5y 1 (@){LnA}, b () Ayy = {75 [1 N (1 —~ 71) Dl”
) X 2
ry

A

P(z) = ¢ (x) = U P(2)U? = Ur(z)p(z + 1).



6@ > V@) =0 @0 = {1+ (7] Dr i

U — ezm,y ¢T(x){LnA}my¢(y) Axy

I
2
A

—N—
—_
_|_
7\
—
o | |
2
—_
N—

)

—_
——
&

Ned

Y(x) = '(x) = UP(2)U? = Ur(2)y (e + 1).

U Ey(2)U = Ey(z) + otz + 1) (1 _271) W@ +1) (1.43)

= FEi(z+1) -9 (z+1) (12%) Y(x+1)+1—-G(xz+1).

U 2E(2)U? = Ei(z) + ¢ (z + Dap(x + 1) (1.44)

— BEi(z+1)+1-G(z+1). (1.45)

U~ tyT(x) (1 z%> Y(x)U = T (z+1) (1 _271) Y(z+1), (1.46)
vt (S50 vl = vt (50 ) vl (1.47)

U 'G(2)U = G(x). (1.48)



Ei(z) — Ei(z — 1) = ¥ (2)(2) — 1+ G(x)

Loy — Loy = 9T (2) (1 z%) Y(z) + Gog

L _271) 7,0(:13) — 14+ Gop1

1—(—1)"
2

Low1 — Loy o = ' () (

cf. Lp—Lp_1=xlx, — +Gn  (n=2x,2x—1)

El(a:) = Lgx
U 'E (2)U = Ey(2) + T (z +1) (1 _2%> P(x+1)
= L2:E+]_ +1

U 2E (2)U? = E\(z) + ¢ (x + Dp(x + 1)
=Ei(x+1)+1-G(x+1)
= Logio+1—G(z+1)

U LU = Logy1 + 1
U Loy iU = Lagyo — Gz + 1)
L+ (=" 1-(=1"

of. U 'L,U = Ly + 5 5

G(x) (n =2z,2x — 1)



0 2 0 2
<L2x+1 + % + 1> + <L2x -+ % - G(x)) }
1
2

6 1 1\° 0
Logy1+—+=z+-) +(Low+—+
27 2 2 ™

6 1\2 6 1\2
Logs1 + o= + = Loy + o= + =
<2+1+27r+2>+<2+277+2>
(ot L ) (e L Y () (LY
2ol T or T 22T or 9 9 9
2 2 2
g1 0 1 0 1
— J - Loy ~ 4z Loy + — 4 =
;22{<2+1+2W+2>+<2+2W+2
+ (¢ (z+1) 5 Y(x+1)—1 +3
21 6 1\2 6 1\2
“{(Loggr + =+ = Loz + — + =
2{<2+1+27+2>+<2+2W+2>

w3 (v (S52) v v (F52) vw) - 560}

I
M
NS

2

=T@+m)+ X+ % <E1(a:) + %) Glz)+ Y gZG(a:)

xT









|+1 dim. Schwinger model in 2+ DWF fermion “representation” ???

Ny
He =303 6@ 0D —mopiwt) (52 )vevien=o (252} vt -1 =0

xr t=0

Relation to Wilson(Overlap)-Dirac fermion “representation”

Det(D&?) — mg)|Dir.

7 = DetD, ~ DetDy,
Det(Dsy,” — mg)|ap.

Relation to Stacy (Tangent) fermion

D'=D}'-1=2D' -1
, sin p - sin(p/2
PN L (p/2)
cos(p/2)

11—(:osp_

D. = Zle tan(p/2)
[Haegeman et. al (2024)]

10 N|W) = ]:I|\If> H = ~o(ivy sin p)
1l —cosp

ol —oonn X)X (0)} = —




Unitary Discrete Chiral Symmetry of Hamiltonian formalism in 3+1 dim.

3
H=a"y T3 Bi@)Bia)+a® Y ¢ (@)yDv ()

D' = ~5Dv5 = v Do
D+ D =2D'D =2DDf

Q5 =75(1 — D), [Q5,H] =0, Qi+H* =1

F5 = ’75(1 — D) + i’)/oD FEF5 =1

O term & counter terms ?

[Creutz, Horvath, Neuberger (2001)]
[Neuberger, YK. (1998)]



Schwinger-Keldysh formalism for LFT

A . 2 . ~ . "2 . ~
T+1 — e aoH (: o aOV/2e aoll /2e aOV/2)

o
¢
(O(1))p, = Tr [{T+1}B_T O {T+1}T} 1Z(83, ) 0
®
o
®

oy = et T=(Ng-1)ao
t=0 t=Nrtao
) —— o R
O)) =Tr |p {T_i}T {TH}T L {Tﬂ}t} /7 g:----o---o---o---o----o---o---o---o o)
' P t=01,2- Npr—1
2 _ (s B YT (v YTt A (v 0
(O@) = Tr [{T} {7} {1} T O{T0}] /2
o T=Nrao
Construct Transfer matrixes for t=0 0--0--0-0-0-0-0-0-0.
Scalar, Link and Wilson fermion fields so that ® 0000000 _",\?
6 t=NTtdo
T T, =1 Ty =AUy A1 B=Npao| @ Closed Time Path
r r r r ’ s = 071727"'7NT_1?
T Ty — Ty T #0 o Np-o- 2Ny — 1,

2Ng, -+ 2Ny + Ny — 1

41+ €
Ay =< —i+¢

+1

* to recover in the continuum limit t=-i(Ng-1)ao

[Alexandru et al.(2016)]  [Fujii, Hoshina & YK(2019)]




Schwinger-Keldysh formalism for Lattice Gauge Theory(QCD)
[Fujii, Hoshina & YK]

Uo(I,S):l(SIO,"' ,2NT—{—Nﬂ—2), UO(ZL',QNT—I—Nﬁ—l):P(ZB)

Ag+ A,
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— L 2-vvt-vut
o—Kaluu] e o t J (A =+1)
- 2Nc
e 22 Y, d, {L, (2N,/¢*) Y2 Tr,.{UU'"} (A = +i)
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5,/ cf. [Matsumoto]
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Do € {—1,4—10] T — o0

Spectral function a0’ T a
T/2
po.B)r = D D e ([o(t + T/2,2), 6(T/2,0)]),
t=—T/2 =

Responce to time-dependent external source

ex. EM field ( U(I) link field ) V.(t,x) = eleodnlt®) — ] (¢ )

- conserved U(l) current
(Jr(t, ) [Vol of the lattice fermions

(Je(t,x))g [Vo] =~ ZGR(t,ac;t’,w’)AO(t’,w’)
Grlz,2') = 0t —t) ([t ), Jo(t',x")]),

Conductivity & Kubo’s responce function

T _N/B t/

SPIDID MR

ttf)st’

_NB —t/

Gh(z,2) = — Z Z (s, 2")])

s’/ =t’



[Fujii, Hoshina & YK (2019)]
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Domain-wall fermion and 4D TI/TSC & SPT phase

- Hamiltonian formalism of 4+1| dim. lattice DWF
= Free Fermion 4D TI/TSC (with Time-reversal symmetry, cf.2+1dim. IQHE)

[Creutz, Horvath(1994)] [Qi, Hughes, Zhang (2008)]
[Wen(2013), You-BenTov-Xu(20 | 4),You-Xu (2015),Wang-Wen (2018)]

FI4DT1=§V:ZC% {Zaksmpk +5( f:COSPk )}A(p)

=1 p k=1

Hyp! —Z/d%% 23: Uzaz}%

=1

Trivial phase Topological phase Trivial phase
+mo (/" 00) () —mo - (x) +mo (/" 00)
t=—-N+1 I — N > inzadt(tEZ)

+ Edge chiral modes are described by low energy effective 3D Hamiltonian

> 3D Edge chiral modes described directly on the lattice by
low energy effective 3+1dim. lattice model of Overlap Weyl fermions



Relation to 4D TI/TSC and SPT phase

= classification of 4D TI/TSC, SPT phase

free fermion case (K theory):
- T1 (with U(1)) All type classified by v in Z
- TSC (without U(1), Majorana mass) DIII type with only a trivial vacuum

interacting case (cobordism):
- v=16, 16 of SO(10), Majerana-mass, U(1) broken by interaction

Qspins(BSpin(10)) =0 [Garcia-Etxebarria & Montero (2018), Wang-Wen-Witten(2018)]
(for 16 of SO(9), one can breaks U(1) by Majorana mass —> “DllI classified by 0”
if U(1) breaks to Z,, spinZa str. —> “DIII classified by Z¢” )

- “All” is trivialized by a certain SO(10)-invariant and U(|)-breaking interaction,
and the boundary edge modes may be gapped completely without symmetry breaking

© No obstruction for SO(9) => SO(10) symmetry restoration: [14(5°) =0 (d =0, ...,9)
A [wT(a;)z'%chP%p(az)f &y [T (2)inscaCT%(2)] E%(z)  E*(z)E%(z) = 1
[Wen(2013)]

[Morimoto, Furusaki, Mudry (2015)]
[Eichten-Preskill(1986)]



free fermion case (K theory):

Cartan 0 1 2 3 4 5 6 7 8 9 10 11

Complex case:

A 7 0 o Z 0 Z 0 Z 0 7Z 0
Alll o z 0 () o z o zZ 0 Z 0 Z
Real case:

Al Z 0 0 0 22 0 Z, Z, Z 0 0 0
BDI Z 0 0 0 22 0 Z Z, Z 0 0
D Z, T, Z 0 0 0 22 0 Z, Z, Z O
DIII 0 Z, Zs 0 0 0 22 0 Z, Z, Z
ATl 2720 7, 7y 0 0 0 22 0 Z, 7
CIl 0 22 0 Z, Z» Z 0 0 0 2Z 0 7,
C 0 0 22 0 Z», Z, Z 0 0 0 2Z 0
CI O 0 0 22 0 Z, Z, Z 0 0 0 27




Cartan label T C S Hamiltonian G/H (ferm. NLoM)
A (unitary) 0 0 0 UWN) U®2n)/U(n) x U(n)
Al (orthogonal) +1 0 0 UN)/O(N) Sp(2n)/Sp(n) x Sp(n)
All (symplectic) —1 0 0 URN)/Sp(2N) O2n)/0(n) x O(n)
AIII (ch. unit.) 0 0O 1 UWN+M)/UN)xUM) U(n)
BDI (ch. orth.) +1 +1 1 ON+M)/O(N)x O(M) U@2n)/Sp(2n)
CII (ch. sympl.) —1 —1 1 Sp(N+M)/Sp(N)xSp(M) UR2n)/O(2n)
D (BdG) 0O +1 O SO(@2N) O2n)/U(n)
C (BdG) 0 —1 0 Sp(2N) Sp(2n)/U(n)
DIII (BdG) —1 +1 1 SO@®RN)/U(N) O(2n)
CI (BdG) +1 —1 1 Sp@2N)/U(N) Sp(2n)

T: UlH Ur=+H

C: U H Uc=-H

S

T.C

Hr=HT



interacting case (cobordism):

Cartan 0 1 2 3 4 5 6 7 8 9 10 11

Complex case:
A Zz 0@xD0 Z 0 Z 0 Z 0 Z

AIII 0 Zi 0&~20 Z 0 Z 0 Z

o
N ©

Real case:

Al 7Z 0 0 0 22 0 Z» 7o Z 0 0 0
BDI 7o 0 0 0 22 0 Zy, Z, Z 0 0
D 7o 7o 7 0 0 0 22 0 7, Z, 7 O
DIII 0 Zo o 0 0 0 2Z 0 Z Z, Z
Al 27 0 7y zzxzzxz 0 0 0 22 0 Z, Z,
CII 0O 22 0 Z, Zo Z 0O 0 0 22 0 7
C o 0 22 0 7, Z, Z 0 0 0 2Z 0
CI o o0 0 22 0 Z, Z, Z 0 0 0 27




SPTHE
Al 7535 DI (invertible field theory) b L ~RJL FZTBRIALRITTH 5 £ O LIBEDER
dRTT D (reflection positive T) R 7535 D IR 3w D Bt Z 2 D [FMERE
<—> d+1RDHENT A XLEOT VX =Y D T
Q3 (BG)tor X Qgs1 (BGiree

Ry U v —F 200

Hom (Qg(BG), U(1))

HRILT 4 X Li(bordism)E¥ Y; and Y5 are bordant

Y1 ~ Yy

YiUYs an abelian group

Vi) + [Va] = [Y1 U Y]



“Dai-Freed anomalies” [Garcia-Etxebarria & Montero (2018), Wang-Wen-Witten(2018)]

Z[A] = / [ Dip]e™ Stermion (#:4)

Z[A] = det(iD)

exp (2mwiny )

Atiyah-Patodi-Singer (APS) n-invariant

1 : : :
=5 ( E sign(A) + dim ker(sz))
reg.

A£0



exp (27T Zny) Y1 and Y> are bordant

bordism invariant Y1 ~ Y

QSpln

a group homomorphism from € T (BG) to U(1) Y UYs, aniabelian group

Y] + [Ya] = [Yi U Y2)
exp(2mi 1) = exp(—2miny)

_ exp(27i Ny, )
exp(2mi nYlu?z) — o
exp(27i ny, ) . /
= exp(2m? ) = exp(2m | 1, =1
- P(2mi 1y, ;) = exp( g d+2)
Ind(Dy) =ny + / APS index theorem
Z

exp(2miny ) = exp (272/ (F)) = exp <2m’/ Id+2)
Z Z



“Dai-Freed anomalies”

e Compute Qsﬁi? (B@G). If it vanishes, there can be no Dai-Freed anomaly.

o If Qgiiil (BG) # 0, compute exp(27in): chiii]f (BG) — U(1), typically by explicit com-
putation on convenient generators of the bordism group.

Qgpin(BSpin(n)) =0 for n > &
QP (BSU(n)) =0 for n> 2

PinT _ Spin’4



Spin% structure [ Tachikawa & Yonekura (2018)]
(Spin x Z4)/Zs (—1)F Zso subgroup of Z, are identified

.+ 7
ng ~ Qgpm ’ SpinZt bundles which contain domain walls
on which 3d Pin™ fermions localize

For each 4d Weyl fermion with charge 1 modulo 4,

one 3d Pin™ Majorana fermion “DIIl classified by Z1s”

the Z4 group  center of Spin(10)

=-2Y +5(B—-1L) X =4k+1
SM field SU(3) SU(2) Y B-L X
s 1 2 3 3 21
Q5 3 2 1 —1 -7
IR 1 1 6 -3 =27
. 3 1 4 1 13
dp 3 1 2 1 1
Vr 1 1 0 -3 -15
H 1 2 3 0 -6




Dai-Freed theorem on the lattice
[Aoyama-YK (1999)] [YK (2002)]

1 tX(5)]C [Pedersen-YK (2019)]
lim € W IDir.

N—oo \/det X§V5)}Z§1

boundary contribution bulk contribution
(overlap Weyl fermions) (DW!|pir )

same basis-vector dependence
=> same U(l) bundle over = {{U(ﬂc,,u)} ) |1 —Up(x) ||< e " (x,p, u)}

cf. [Dai-Freed (1994)]
» connection of the U(l) bundle [Yonekura (2016)]
vn e—’iQﬂ'ﬁDF(Y|Dir) _ (/ q(5—|—1)) e—i27rﬁDF(Y\Dir)
Y|,
- : (Integral of topological field
Vy =0y +iL, /Y ’ (=3 d® VW) on 541, 6.dim. lattices)
Dir x,t€cy
—iLy = Zvi(x)mnvi(x) ¢tV (y,s) = Im Te{D,(U,) U7 Y (y, ) T (y, p)|y—v. }

)

q(5+1)(y75)|8:1 — lim lim q(6)(z)

ag—0 Ng— 00




N-invariant on the lattice

iD® ey = My

77§/5) = %(Z sign(A) + dim ker (i@@))



APS Index Theorem on the lattice [Pedersen-YK (2019)]

cf. [Aoyama-YK (1999
. APS Index [Aoy (1999))

(6)
1 Hy,
I(Z|py) = 2Tr{

} [Kawai, Fukaya et al (2019)]
Dir

(—1)(Zlpw) — w_ID1 I(Z|pi;) = Index D% |p;, cf. [Witten (2016)]

- APS Index Theorem

1V @Zpw) — LimP(Z|Gps)  aim 7 (Yilar) — 7' (Yolap)]
(—1) e e

P(Z|\pg) = hm Z q(6)

y sEc



J. Preskill, e-Print: 181 1.10085 [hep-lat], PoS LATTICE2018 (2018) 024

“Simulating quantum field theory with a quantum computer”

€c

* Chiral fermions pose another important challenge. The standard model is chiral; that
is, for both quarks and leptons, the massless left-handed and right-handed fermions
carry different gauge charges.Yet existing methods for formulating fermion theories on
the lattice always yield nonchiral theories — e.g., if we try to introduce left-handed
fermions with a specified charge we also get unwanted right-handed particles with the
same charge. We've been facing this problem for over 40 years, but there is still no

accepted method for regulating a chiral theory. That’s embarrassing. ”



J. Preskill,e-Print: 1811.10085 [hep-lat], PoS LATTICE2018 (2018) 024

“Simulating quantum field theory with a quantum computer”

“This long-standing problem may be nearing a resolution, guided in part by recent
insights regarding symmetry-protected topological phases of matter. Two old ideas are:

(1) To redlize a D-dimensional chiral theory on the lattice, we can introduce an extra
spatial dimension, so that the left-handed and right-handed fermions live on two
different D-dimensional edges of a (D + |)- dimensional bulk [45].

(2) To redlize a D-dimensional chiral theory on the lattice, we can introduce strong
interactions for the express purpose of removing the unwanted right-handed fermions
(by giving them large masses) while preserving the massless left-handed fermions [46].

It seems likely that (1) and (2) together work more effectively than either (1) or (2) by
itself [47]. That’s because separating the two edges with a higher-dimensional bulk
makes it easier to apply the strong interactions to one chirality without affecting the
other.

The efficacy of this method still needs to be demonstrated convincingly, but if it works
that will settle the longstanding open question whether quantum field theories with
chiral fermions really exist, and will also open the door for classical and quantum studies
of the rich dynamics of strongly-coupled chiral gauge theories, with potential applications
to physics beyond the standard model.”




Let me add ...

In view of the fact that “the overlap fermion is nothing but the low energy effective (local &
lattice) theory for the edge chiral modes of DWF infinitely separated”, the mirror fermion
models with overlap fermions (1) and (refined) Eichten-Presskill interaction terms (2) are

the simplest-possible effective framework to construct & test CGT on the lattice !

of. [YK. (2017)]



““Eventually, all things merge into one and a river runs through it”’

What is the sound of
one hand clapping?
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