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ZODTIPAVER (v.V7)

e-geodesic (H’ 11 )
logr(x,t)=tlog p(x)+(1—t)logq(x)+c(t)
m-geodesic

r(xt)=tp(x)+(1-t)a(t)
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X(Y,Z) =(V, Y, Z)+(VZ,Y)
(X,Y)=(IIX,ITY)  <X,Y>=)g;X'Y’
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Riemannian geometry: [I =11
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p(x, 9) - EXp{Q - X — W(H)} w(0): convex function, free-energy
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Divergence: D[z:y]
D[z:y]=0

D[z:y|]=0, iffz=y

Not necessarily symmetric

D[z:y]=D[y:z] D|z: z+dz]:2'-2g:1ijdzidzj
positive-definite &= ( jg)
Taylor expansion . _ '/_ = ) <
Dle : 2+d#)= 5 28,9242+ 73 1, 2k,
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@-coordinates <> n-coordinates
potential functions w (0),¢(n)

o y_ 0
(0) = Q).---q" = 0
U)_Zgﬁi =0
exponential family: p(x,6) exp{z }

w . cumulant generating function
@ . negative entropy

canonical divergence D(P: P)=y (0 )=> 6n’
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r (dually flat manifold)

D[P:Q]+D|[Q:R|=D|[P:R]

m-geodesic

O e-geodesic ‘7\'0'65
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Q=m-5s PHMd M
unique when M is e-flat

min D[Q:P]
Q=e-5i% PHM
unique when M is m-flat
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Convex function — Bregman divergence— exponential family
— Dually flat Riemannian divergence

Yip)y =D, [0:0)V= {6,1}, 3=VP¥

Dually flat R-manifold — convex function — canonical divergence
KL-divergence

{1, "] = () = Dy [0

R4’ . :DkL [1"‘) : 'i(z).l
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projectively-dually flat



divergence (n>1)

S ={p} : space of probability distributions

invariance dually flat space
invariant diverge lat divergence
‘ convex functions

F-di :
wersenee KL-divergence Bregman

Fisher inf metric
DIp : o1 = | px) log{ 22V x
q(x)

Alpha connection



q —esponential family

log, (u)__(ul—q _1) Wt 1R ZE RS (IEARZE)
1-9 Pythagorus® 5 B
log{p(x,0)}=0-x-vy (0)

v, (0): convex function

1

Dq*(p:OI)_h(@) D,*(p:0): hq:zpiq
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p(x,0) =exp{0-x -y (0)}
p(x,u) = p(x,0(u)) [l X X;,..X

p(D,u):exp{ﬁ(u)-i—w(é’(u))} S
U(x,....,x;) :estimator X
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p(X,6) =exp@-x -y (0)}

p(x,u)=exp{o(u)-x—v(0(u))] :
A(X,..., X ) HESE x!

POX,U) [T X, Xy,

I
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Cramer-Rao bound
E[e]1=0 /:;;i\\\\
e. .
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Efficient estimator --- orthogonal projection
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Neyman-Scottfil®: BB D HHEE

Estimation with nuisance parameter

M =1p(X,6,5)}

Efficient score
2, Q:—Z/&g'r(x 0,8) = €a
2 =2, 3 Px9,3)= &
2.0 = 20— 8 T 34

<Ca, €L>F—/L a\o\ day =



Neyman-Scottfijid: HEFRED BN B

M =1p(x,0,5)}
)(l D p(X’ 9’ 51) g -ra eter of interes
X, [ p(x,8,&,) ‘ o

-— e e =

Xy U P(X,0,64)



Semiparametric $i5TET )L : LEHITE B D HETE

M={p(x,60,Z2)} —

ENZ(E) MsmamEorassH

linear relation X =(X,Y)

y = OX

{yi=eé+ei p(x¥:60,Z)=[p(x v;& 0)Z(&)d¢

X, =6 &

mle, least square, total least square




#ET Model

1 2 1

p(X, Y‘ﬁ,f) =Cexp{_§(x_§) _E(y_eg)z}

11 p(xi1yi “91‘);) : ‘91511""§n

p(x.y[0.2)=]p(xy]0.§)2(¢)ds

semiparametric
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X, %y, p(X%,0,2)
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f(x,0)
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> f(x,0)=0

— @

E,,| f(x,0)]|=0
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Fiber Bundle

ﬁlog P
00

u(x,y;0,2)
A % V(X y;H,Z):a—ZIog D

{p(x.y|0.Z)}



Estimating Function f (x,0)
e—invariant: E,, [f (X,H)] =0
[T 7 (x0)=t T, =T @T'eT,
m—orthoggnality:(v, fy=0 51’(7,9,?)2/?)4’120) Jr &

ITwf)=c T~ (§7,9>=0

u'(x,6,z): optimal estimating function
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> f(x,y,;0)=0

f(xy;0)=(x+0y+c)(y—0x)

-E (2
-8y =2
c=0: V:1(2+62)G2
n 4
c=1 V=1(1— 1 jo'z
n o +2
1,

WIN MW



em-algorithm EM-algorithm
Variational Bayes

wim D [ 200 0]
30 €D pineM




EM algorithm
hidden vara/
S o Yiss

D:{Xla""XN}
M ={p(x y;u)}

%’mﬁ;/alﬂ
D, ={@(X, y)‘&(x):ZﬁD(x)} j.p(r)

minKL| p(X,y):peM | m-projectionto M

min KL[ peD:p(xy; O)] e-projectionto D
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x=As X =) AS
y=Wx W=A"

FAES: x1),xQ),
BxES: s(),s?),
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Cocktail party experiment

Five mixture signals

2 o
= s . " " " " " n "
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S ={p(Y)}

< r 9 1 L .1)a,(%,)-, (v,)}

X)}
(W) =KL[p(y; W) :q(y)]
r(y)




THIWDZER: Gl(n)
1) —< > 22 [H]

d—-> W

ds® =|d@| -
=.0;(0)déede,
- d9"G(8)de

Euclid;: G= |



H A B) L (Natural Gradient)
max  dl=1(6+d&)-1(6)

‘de‘z =& (0

VI=G™(6)VI
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W +dW

¢ dX =dWW*

| +dX

[dW |* = tr(dXdX " ) = tr (dWwW ~W Tdw ")

VI = a—'w "W
oW

dXx :  non-holonomic basis
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1. Motivation 3

Example of color image separation :

Five original images (but unknown to the neural net)

Five mixed images for separation

Final (etable statec) of five separated imaces
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1

ry edge images (after reversion)

Fig. 5. Example of edge image image reconstruction: (a) the three binary edge images
(reverse image copies are supplied for processing) , (b) their-two mixtures, (c) the three
extracted edge images (after reversion).



Natural Gradient and Singularities
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y:ZVi¢(Wi°X)+n X i)):
X = (X11 Xg,--.,Xn)

p(Y‘X;H)zcexp{_%(y_ f (X,H))Z}
f(x,0)=2 vio(w;-x)

O0=(W,....W_;V,...,V)

m
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neuromanifold

space of functions

y="f(x, 0)

= Vigﬁ(Wi'X)
V, -,V



BlIENDFHE

w (x)= f (x,0)
EHOBIE - D={(x, y,), = (X Vo )}

learning ; estimation



Backpropagation ---

examples:(y;, %), (¥, X, )——training set y=1(x,0)+n

E(y,x;H):%‘y— f(x,0)

:_Iog p(yi)(;e)
oE
A0t Z—Ut@
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g, (0) = e2109 Py [x0)dlog ply | X, 6),

06,00,
:
/s
ds? =|d@|’ P
=2 .9;(0)d6,de,

—d6"G(6)d6



Topology: Neuromanifold

« Metrical structure :g ;
* Topological structure

S/



singularities
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Backprop M [E1%8E R
AG, =1 VI(X, Y. 6,)

* slow convergence----plateau---saddle

* local minima



MLP=EE D X b

slow convergence : plateau

error

_

T\

local minima

=) Boosting, Bagging, SVM



% =& T A R--- Natural Gradient

VI=G~(0)VI
dg|" =d9"Gdo = ¥.G,d6'de’



HAGEISEE Natural Gradient

max  dl=1(8+d@)-1(8)=VI-dé
under |dg|" =" g,d0de, =&
dé =~ VI =G_1(9)V|

AHt — _ntﬁl(xt’ yt;gt)



MLP O TR 8 {a]

Natural Gradient Learning :
S. Amari ; H.Y. Park

AG = —77(31(6?)%

Adaptive natural gradient learning

G =(1+¢&)G " —eG VIVE'G”



Landscape of error at singularity
Milner attractor

Error

A

Fig. 5. Critical set with local minima and plateaus.
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Rozonoer (1969)

Amari (1971; 1974)
Amari et al (2013)
Toyoizumi et al (2015)
Poole, ..., Ganguli (2016)
Schoenholz et al (2017)
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Dynamics of Activity: law of large numbers
X, :¢(2Wakxk"‘ba):(ﬂ(ua):)z:ﬂwx) 9 D1

u_ ~N(0,A) ED?[}:
_—A

nl Z(Xa)z =E[o@U )’]= x,(A) 8 T - A=A

%(R)=[¢*(VADY v~ N(0,])

A =
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A = )(o('z‘)
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> x’ — converge @ y
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Poole et al (2016)
Random deep neural networks




Basis vectors
dXi| — Z¢,(uil ) Wililldxil—l — Z Biill—ldxil—l

X  dx= > dx'e,
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ds? =3 g, dy'dy’ =<dy,dy > |

8= (3= (90, )%) =t /S
<€,8,>=) BB <e,e; >= 0.0,
Elg (ua)) wew 1= E[o'(u,))*1E[ww; ] TAGIBE L

1 o’A+o;
27 J1+2(c?A+02)

(A = [ o™{p'(VAV)¥ Dy =



Mectric

| | -1
gab <ea’eb> BB 9 a0

Law of large numbers

| | |
ds®=> g, d Xad Xo

BB = ZW W' (u) ~otE[9?]5,

n=0E|o(u,)



Mectric

| | -1
gab <ea’eb> BB 9 a0

Law of large numbers

| | |
ds®=> g, d Xad Xo

BB = ZW W' (u) ~otE[9?]5,

n=0E|o(u,)



Oap = Zl(A)gab IEIEK,*II':\ X -f@/

conformal transformation! :% )\/

X :)?1('&) >1:

X1 |
ik (B4, Lyapnoviss) [T = @
— glab — HZl (As)gab - )

||




0. (%) = (] | .(x))9.(X)
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curvature & distortion

I
Hab :Vaeb ZVa(

Hab

2

:Zl

|—
H ab

2

-1

B ey

1
nZl

2%, =0"E|¢"(u)’|

-1 1
j BV. ev+(V, B)eb

~(1+26,) 7



7,(A) = [¢"(VAv)* Dv

1412 1 | 2

Hap = > ;(Z(A)(2§ab -I-l) + Zl(A) H ab
Ny,

¥ >1

exponential expansion! creation Is small!



scalar curvature & distortion

, 153 Zz

/4 :_7/ +—— 7/ _Hab Hcd 9 gbd5
X1 nZl

|

g 4 . —> oo, y, <1
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PEEESERI  (Amari, 1974)

D(x,x’) = EZ(Xi =% )’ &

: YD
C(x,x')=ﬁx-x':2xixi' %
D=A+A'-2C




Dynamics of Distance (Amari, 1974)
D(x,x") = %Z(xi X )
C(x,x'):%x-x':inxi'

D=A+A-2C

u, = Zwak Yi ~N(0, V)
u’, :zwakylk V:(A C}
C A C =E[p(~A—Ce +Cv)p(~A'=Ce ++/CV)]
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1 2 -

W) = 2|y = pOeW)f =[eCx,y)f



HEEE model : REMRIFRD SHRIA

y=pU)+¢e; &~ N(0,1) /
p(y,x:vv)'=cexp{—l(y—co(x;w»Z}q(w
G =E,[V, log p(yxvv)v l0g p(y, x:W)]

32_ R“Q’M/Y\/Y\AM\,
ds? = dWGdW TRKM ol




Natural Gradient

max  dl=1(8+d8)-1(6)
d6 =& KL[p(x,0):p(x,0+dO)]=¢
VI=G*(6)VlI

A, = _UtVI(Xt; Vi, 6,)



Fisher information r_ﬁ p

G-E, dp Op _’i

oW, oW, =

\5 5(0' ) gp agal—l @gﬂl_l B a¢m+l

_ ,W B . ) _—
oW _ oW oW, oW 7 0

I N2 1 14|

| —
W) =] 1 xE. (Dr(Wij X X +Op(1/\/ﬁ) Z

G(W,W,)=0~0 (1_/\/5), _I;ém %
G VIV-VIV-j—O~Op(1/\/H) | # | -/—J@)/ %MSL
S B wigk | TR
Y. Ollivier é"'og

W, b



Unitwise natural gradient

i A o)
AW = -nG~V, | C= @ED(/JR)
s

Y. Ollivier; Marceau-Caron

N =

(v
o !
—
e v« - s~ N
0000 2

o
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—EBED=—21—a> D517 ~

9> § .xé——»

y=p(W-X+Ww,) AS°

G=E,[0,00,0]=El@)0d  GOW 5

= (w, W, )

{e,.e,,..e }t=>{e,* ,e,* ... ,e *}:ortho-normal basis

W

e *=—,
Tw



Input x: independent and identically distributed, 0-mean

G = Al+ 82 WW+E(Wb+ bw )

F‘N a W W
......... ™ b=[00 --- 01] A BC

L c) W XIO ‘_\_\/

. -
G™: similar form W, b




Resnet (residual ne
| -1 | -1
x V¢@ij+ax

2 2
)(1 A)Gv)(l_l_a




Karakida theory ‘

eigenvalues of G

\

=Y A==, %Zﬂf =0(1) Lo——=——o—-->_

e WR/X
distorted Riemannian metric




Wasserstein Distance

D TR

Shun-ichi Amari
RIKEN Brain Science Institute
R. Karakida. M. Oizumi



Base space X; XL ®D/\32—>: p(x)

picture X = (x, y); Boltzmann machine X = {0, 1}“ X
probability distributions p(x)

Geometry of Distributions (S = {p(x)}

distance D[p(x): q(x)]

2(0) N——
idce

= — X
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invariant under transformations of X
p(x) ~ p(y)

Fisher Information:
Affine connections: oa-connections

Duality: Dually coupled Riemannian manifold



Wasserstein fhEf

—Monge, Kantrovich

B3 SR8 p(x)>q(x)

cost c¢(x, y) = metric over X

BXETE P(x,y)

minimize <c, P> =

feo T ddy

PO

1(’13




PRI &I fE] 2

minimize <c, P> ’5 Co, Y Pz, ) dxd -
under constraints

fP(x, y)dy = p(x) © S

(P(x, y)dx = q(y) é ;

Discrete case :i2j _ |
minimize (€ Py =2_ (',)‘P )
constraints 7 P. - v. SP.. < 7 )
PR FURE R

N




Entropy-1E BI|{b %1% 5 &8

Cuturi

nq?in F =<c, P> — AH[P(x, y)]

A0 Wasserstein
A oo entropy term H[P(x, y)]

P(x, y) = p(x)a(y) --- KL[p(x): a(x)]

information geometry

Marco



INF—2p(x) & q(x)DIEEE?

KL-divergence D,, :J‘ 0(x)log qp((x)) dx
X

Hellinger distance
Wasserstein distance

Den = j(\/ p(X) —\/Q(X))de
& DWass = IC(X’ y)P(X, y)dxdy

PO




Cuturi: cluster center of double circles

@@ap@ © A
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Surprising Results!! Cuturi







Discrete Case

1 A
[ ] [ ] (] F P o
Minimize F z\(P) n A<C’P) —

constraints

AH(P),
¢(P) = (c,P) = Zcijpij.

ZPij = Dis ZP*'J' = gj, Zpij _ 1.
J ) ij



Optimal Transportation Plan

1 A _ -
Ly\(P) = 1+.,\<C’P)_ mH(P)— ) (i + B5) Py
1,3
0 1 A | A
Li(P) = log Py; — a; — 35 :
BPU A(P) +Actj + ) Og I35 — @ | B; )

* o
P,;J-=exp{——ff-+ tA (a,,+[33+1)}



K;; = exp {—E:\i ,

14+ A 14+ A |
a; = exp | ——¢; bj = exp —Tﬂj :

the optimal solution is written as

* — . . .»



Exponential Family of Optimal Transportation Plans

e P;
P(z) = Z P;;0:i(z). 6" = log P,,J

t,j=1

6 = (),

?
n

P(z,0) = exp {Zﬂijéij (z) + log Pnn}

1,7

P(z, a, B) = exp Z{i{(ai'Fﬁj _%}Jﬁ(m)._ (A:l)w

A | A+1 1
W) = g log Y exp { 5 () - 1 ()}
t,J



C;
(o + Bi) — %J

<°P>+—ZRJ{1“(a, + ;) - 5L - (l“)wx%z)
=p-a+q-B-via,pB). . (33)

exa(p,q) =

@) +oa(m)=0-n, n=(@d7.0= (a0



CRAICILREIREHY

C,(p,a)=D,(p,q)
g = p IS not the minimizer of C,(p,q)

D (C
—“LP% \C%f/ > 2
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D,(p:9)=C,(p:K;a)-C,(p:K;p)
K ,: diffusion operator

5, (p:6)=C,(p: @)~ 24C,(p: P)-C,(a: )}



IorOE—HFD—iRIE
g—IhAE—

min F =<c, P> — AH[P(x, y)]



clustering

Peerier =arg min X_D[p: p]
P



W-GAN

DL p, - pg]=E[log D(x)]+ E[1-log D(G(z)]
KLIp, - pn]+KL[p, - P, ]
D

Wass



W-statistics vs likelihood statistics

P(X,6): X, %, ..., Xy = P(X) ’,%(}7
empirical distribution

6 = argmin D[ p(x) : p(x, §)]




Estimation : Gaussian case

1 (x—p)
p(x,0) = @Gexp{ — h
0 =(u,0)

KL : Y=%in; &2:%Z(xi—y)2
_ 1 .1
D, : X:Nin; G:WZzixi

z, =F 1(#)



W-statistics: A=0, X=R

Model: p(x, §) x <x, <---<X

n

Observed data

N
Partition points  Z(¢) = F’(%) = |7 p(x, &)dx



Optimal transport plan

X — Z;(S)

Cost C(&)=1) k-z()f

Estimating equation Z % - 2,(6)30.2,(6) =0



Consistency and efficiency

iME[¢]=¢

VI]F4G 'HG

G(&) = [0.P(x,£X0.P(x, &)Y dx
=0.0.L(5',¢) s

H (&) = [ P?(x,£)0.P(x,E0,P(x, &)Y dx



Information Geometry of Sinkhorn Algorithm

Obtainingaand b in P*=cabK

M ={P—IZP;-=p-} M, ={F, |ZPIJ = p;}
S B j
e-projection of P to M : M, ={F; |Z B, =4;}
P >aP &=«
ij i’ ij i ZP”
j
P 5bP b =)




Iterative Algorithm

e-projectionto M
e-projectionto M

easy to solve (not LP)




3B/N—E AV EE OWE ]

1 —<,

v=f(x.0 =¥Ef{1=5!-}; X — O——> g
" 0

f(x.6)=vplw, - x+5)

1= (0= SO =53 - T3S . 6)+ 7 T f(x. ) f(x.6))

6,=L = v(x.0.6)
o6,

pr.8 {E?-ﬁg'@»



7= %{,v F(x.0) = %}-1 —% S 1 f(x.6) + ;?ZI{L 8) £(x.6,)
p©) = 356 -6)

V) =< 1 (.6, >,; UO)=7 < S&.O)/x.8)>,.,
W(O)=V(E)+ <U(6.6' >,
v.(x. 1, 0)=V¥O)

.ﬂr {5‘:} = ‘T??E " {.l":’r {E}w{@}}
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Information Integration and Complexity
of Systems

X o > Y

p(x,y) = p(X)py[x) ><

20 >° Y,

Shun-ichi Amari (RIKEN Brain Science Institute)
Masafumi Oizumi (RIKEN BSI, Monash U.)
Naotsugu Tsuchiya (Monash U.)



X > Y, X > Y

> 72 X, > Y,

full model: s_ ={p(x,y)} split model: S, ={q(x,y)}
- a(y | ) =T1q(y; | %)

measure of interaction : N. Ay
information integration : Tononi
Barrett and Seth



Measure of information integration,
or system complexity

Information Geometry N. Ay




Split Model S, : Ay, Barrett & Seth

>0

a(x.y)=a(x)[Ta(yilx) > N y X <

‘91>§Y — ‘92>iY — ‘91Y2 =0

oN :DKL[WSH]:[QQD Dy [p:q]
q:HMS D : Q(y‘X)ZHp(yi‘Xi)
D, ZZH[Yi‘Xi]_H[Y‘X]



Split Model S, graphical model
a(x, y)=ax ()G (y)ITa(yi|x) [ [

O =0y =0

o (%, Yz %o o) = (% Xz Vo)A ( Y2 Xz V1)
0<D<I(X:Y)

C]X(X)sz(X), qv(y)—py(y)
a(yi[x)=p(vilx) 0



Hierarchy: transfer entropy

Partition of X .. .
.| :

X[t =ty cut.tmg branches
[ 3 split models
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